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Abstract 


We explain how beautiful combinatorial constructions involving the Robinson-Schensted-Knuth cor- 
respondence, evacuation of tableaux, and the Kostka-Foulkes polynomials, arise naturally from the 
structure of (affine) crystal graphs. The appearance of Kostka-Foulkes polynomials was observed by 
Nakayashiki and Yamada. Almost all of the constructions presented herein, have analogues for every 
simple and affine Lie algebra. 
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1 Introduction 


Fix an integer n > 1. Here is a little fine print for experts. 


Assumption 1.1. In this primer a “crystal graph” is the crystal base of a finite-dimensional integrable 
U,(sln)-module. An “affine crystal graph” is the affine crystal base of a finite-dimensional integrable Uj(sln)- 
module. 


Beyond this, crystal graphs will not be defined precisely nor will they even be characterized combinato- 
tially] Instead we describe some of their properties and give examples. Every once in a while we will invoke 
the “magic” of representation theory of quantum affine algebras without explanation. Some knowledge is 
assumed of partitions, tableaux, and the Robinson-Schensted-Knuth correspondence; this can be obtained 
from | 

My attribution will be sketchy. Kashiwara invented crystal graphs; see |@] for a real introduction to the 
subject. The analogue of our “affine crystal graphs”, has its origins in the work of Kang, Kashiwara, Misra, 
Miwa, Nakashima, and Nakayashiki (7. The most important works for setting up the correct framework for 
the subject (tensor products of Kirillov-Reshetikhin modules) are fl 4. 

The more familiar crystal graphs of integrable highest weight modules (analogous to our “crystal graphs” ) 
can be constructed in Kac-Moody generality using Littelmann paths (4. For classical simple Lie algebras 
Cédric Lecouvey has systematically applied the theory of crystal graphs to define a Schensted insertion [12] 
using the tableaux of Kashiwara and Nakashima (9. 

Most of the constructions mentioned here in the context of crystal graphs, were anticipated by Lascoux 
and Schiitzenberger (see, for example, fi5\), many of whose works on tableau combinatorics preceded the 
theory of quantum groups and crystal graphs. 

This PDF file has embedded hyperlinks to help you navigate. 


2 Crystal graphs 





Example 2.1. Here’s a crystal graph for n = 3. Its vertex set consists of elements | i 
Each of its directed edges is labeled by an element of the set {1,2}. 


for i,j € {1,2,3}. 
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2.1 Basic features 

Every crystal graph is a finite directed graph whose edges are labeled by colors in the set J = {1,2,...,n—1}. 
Traditionally a crystal graph is given the same name as its vertex set. 

2.1.1 String property 


Every crystal graph has the following property. For a fixed i € J, if all of the edges are removed except those 
colored i, the resulting directed graph consists of a disjoint union of finite directed paths called 7-strings. 
Given a vertex b, let f;(b) (resp. e;(b)) be the vertex following (resp. preceding) b in its i-string. If this 





1For a characterization of crystal graphs see bd. 


vertex does not exist then the result is declared to be the special symbol @. Let ¢;(b) (resp. y;(b)) be the 
number of steps to the beginning (resp. end) of the i-string of b. f; and e; are called the Kashiwara lowering 
and raising operators. 


yi(b) 
-_— OO On OO oo OOO 


Figure 1: The 7-string of b 


Let s; be the involution on a crystal graph that reverses each i-string. In other words, s;(b) is the 
element on the i-string of b such that ¢;(s;(b)) = y;(b) or equivalently y;(s;(b)) = €;(b). By definition s; is 
an involution. It is not obvious, but it can be shown that the s; define an action of the Weyl group (in our 
case the symmetric group S;,) on any crystal graph (. $s; is the Kashiwara reflection operator. 


Example 2.2. The 2-strings of the crystal graph of the previous example are 
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22|[23] [33], [21]3/31], [32]. 
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We have fo(/33]) = 0, e2(/33]) = | 23], e2(/33]) = 2, and yo(|33]) = 0. sq fixes | 11],| 23|,)32] and 
exchanges | 12} with | 13], | 22 | with | 33], and | 21 | with | 31). 




















































































































2.1.2 Weight function 


Every crystal graph B has a weight function wt : B > Z”. Fori € I let a; = h; € Z” (the simple root 
and simple coroot) be the i-th standard basis vector minus the (i + 1)-th. For alli ¢ J and be B, 


wt(fi(b)) = wt(b) — a; if fi(b) £0. (2.1) 
wt(e;(b)) = wt(b) + a; if e;(b) #0. (2.2) 
wt(s;(b)) = s;wt(d) (2.3) 
(hi, wt(d)) = i(b) — e4(b) (2.4) 


where s; acts on Z” by exchanging the i-th and (¢ + 1)-th components. 





Example 2.3. In Example B.1], the weight of | ij | is the sum of the i-th and j-th standard basis vectors in Z°. 
Let b =|33). Then wt(b) = (0,0,2), wt(e2(b)) = wt(| 23}) = (0,1, 1), and (0,1, 1) — (0,0,2) = (0,1,-1) = 
az, verifying (2.2). Also (hz, wt(b)) = ((0,1,—1), (0,0,2)) = —2 = ya(b) — €2(b), verifying (2.4). 


Remark 2.4. The weight function on B is determined by the colored directed graph structure on B, modulo 
the “irrelevant” all-ones vector (1"). We have 


(hi ; wt(b)) = B; — Bian for wt(b) = (G1, see , Bn) E Z”. (2.5) 


The position of b in its i-string specifies the right hand side of (2.4) and hence fixes the values 3; — 341 for all 
i € I. This determines G modulo (1”). We are using the gl,,-weight lattice Z”; if we used the (more correct) 
sl,-weight lattice is Z”/Z(1"), then the weight would be determined entirely by the crystal structure. 



































2.2 Examples 
2.2.1 Trivial crystal 


The trivial crystal graph B(0) consists of a single vertex of weight (0”) and no directed edges. 


2.2.2 Single box 


The single box crystal graph B(1) is given by 


1 2 3 n—-1 
1}-—>| 2-3 + - - - In 





















































The weight of | 7 | is the 7-th standard basis vector in Z”. 











2.2.3. Words 
The set B(1)* of words of length k in the alphabet B(1), is a crystal graph? The weight of a word b € B(1)* 
is just its content, the vector ((1,..., Gn) € Z” where (3; is the number of occurrences of the letter i in b. Let 


i € I. To go from b to f;(b) (resp. e;(b)) a single letter 7 is changed to i+1 (resp. +1 to 2); this is consistent 
with (2.1) (resp. (p.9)). To decide which letter to change, view each letter i as a closing parenthesis “)” and 
each letter i + 1 as an opening parenthesis “(”, with other letters being invisible. Match the parentheses 
in the usual way; adjacent pairs of parentheses “()” are matched and declared to be invisible until no more 
matching can be done. The subword of unmatched parentheses has the form )*(°, some number ¢ of closing 
parentheses followed by some number ¢ of opening parentheses. By definition y;(b) = y and ¢;(b) = ¢ 
are the numbers of unmatched letters i and i+ 1 respectively, f;(b) is obtained by changing the rightmost 
unmatched i to i+ 1 and e;(b) is obtained by changing the leftmost unmatched i + 1 to 7. If there is no 
unmatched letter i then f;(b) = 9 and if there is no unmatched letter 7 + 1 then e;(b) = 0. 
To indicate the role of 7 we shall refer to -matched and i-unmatched letters. 


Example 2.5. Let i = 2. A word 0, the associated parentheses with 2-unmatched parentheses underlined, 
and f2(b) and e2(b) are given below. 


Fy =P OAS STG 24228 ige 4 

) zs or ) yo a a ae 
BPO SA PASS LS B24 Bea As 
ghia 124 S31 ea 212 oe O23 12 243 


In this particular example, s2(b) = f(b) since the 2-unmatched subword is )3(?. 
Example 2.6. Example P.1] is B(1)? for n = 3. 


The operators s; on words appeared in [15], where they were called automorphisms of conjugation. 
Let wu be a word. Define 


uw = va where u = xv and z is a letter. (2.6) 


u™ is pronounced “u-crank”. It follows easily from the definitions that cranking and automorphisms of 


conjugation commute: 
(s;u)~ = s;(u%). (2.7) 


2.2.4 Tableaux 


Assumption 2.7. All partitions we consider will have at most n parts. 


Let 4, u be partitions with yw C A (that is, u; < A; for 1 <i <n) and let B(A/y) be the set of semistandard 
tableaux of the skew shape X/,u Bi. 

The row-reading (resp. column-reading) word of a tableau T € B(A/j{s) is obtained by reading the 
rows (resp. columns) of T; see the example. 





?See Warning regarding our conventions. 


Example 2.8. Let n = 4, \ = (5,5,3,0) and w = (2,1,0,0). A tableau T € B(A/p) and its row- and 
column-reading words are given below. 

















ie ; ; 4|  rowword(T) =  233.1245.134 
“st 5} colword(T) = 2.31.321.43.54 

















Taking the column-reading word of a tableau defines an embedding 


BY BA) lel 
(X/n) > BOL) as 
T + colword(T) 
where |\| = 50, Ai- 
Lemma 2.9. The set of column-reading words of tableaux in B(X/) is closed under e; and f; for alli € I. 


B(A/p) is a crystal graph. Given a tableau T € B(A/y), take its column-reading word, apply f; to that 
word, and put the result back into the diagram of \/j to form the tableau f;(T), which is semistandard by 
the Lemma. e;(T) is defined similarly. The weight of a tableau is the weight of its column-reading word. 


Example 2.10. Continuing the previous example, e2(T) is given below. 














e9(colword(T)) = 2.21.321.43.54 e(T)= [1 
2(2/3 
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Example 2.11. For n = 3 and A = (2,1,0) the crystal graph B(A) is given below. 
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Assumption 2.12. From now on a tableau shall be identified with its column-reading word. 


Remark 2.13. Using the row-reading word also defines a crystal graph structure on B(A/j). The resulting 
crystal graph structure is the same as that for the column-reading word. More generally Al any reading 
order that is a linear extension of the “southwest-to-northeast” partial order, induces the same crystal graph 
structure on B(A/{1). 


2.2.5 Maximum column 


Example 2.14. Consider B(1"). It has a unique element, the single column tableau n---21. It has weight 
(1") and admits no arrows. It only differs from the trivial crystal B(0) by its weight function, which gives 
the value (1”) on its lone element. 


2.3. Some general constructions and notions 
2.3.1 Connected components 


A connected component of a crystal graph is also a crystal graph. 


2.3.2 Disjoint union or direct sum 


If B and B’ are crystal graphs, then their disjoint union is also a crystal graph, traditionally denoted by 
B@ B’ and called the direct sum. Any crystal graph is the direct sum of its connected components. 


2.3.3. Morphisms 


For us, a morphism V : B — B’ of crystal graphs is a map that preserves colored directed edges and 
weights. More precisely, a morphism is a map VW: B — B’ that satifies 


V(b) (2.9) 


where W()) = @ by convention. 


Example 2.15. The crystal graph structure on B(\/) was defined by asserting that the map (p.9) isa 
morphism of crystal graphs. 


Composing morphisms yields a morphism. An isomorphism of crystal graphs is a bijective morphism 
of crystal graphs whose inverse function is also a morphism of crystal graphs. 
Our definition of morphism preserves strings in the following sense. 


Lemma 2.16. Let V : B — B’ be a morphism that sends b to b! and leti € I. Then b has an outgoing (resp. 
incoming) i-arrow if and only if b' does. In particular, the i-strings of b and b’ are isomorphic, and they lie 
in same position within their respective i-strings. More formally, (i) fi(b) #0 if and only if f;(b') 49, (2) 
ei(b) 4 O if and only if ex(b') £9, (iii) vi(b) = gi(0’'), and (iv) e:(b) = €:(0’). 

Proof. If fi(b) 4 0 then W(f;(b)) = f;(¥(b)) 4 @ since VW sends B to B’. Conversely, if f;(U(b)) 4 @ then 
W(f;(b)) #0. Since W sends 9 to # and B to B’ it follows that f;(b) #4 9. This proves (i). (iii) follows 
immediately from (i). (ii) and (iv) are similar. 














Eventually we will see that morphisms have the incredibly strong property that they preserve connected 
components. The following result is proved as part of Corollary p54. 


Theorem 2.17. A morphism sending one element to another, restricts to an isomorphism between their 
components. 


2.3.4 Tensor product 


Warning 2.18. Our convention for tensor products is the left-to-right opposite of that of Kashiwara and 
most of the literature. Our convention is directly compatible with tableaux, Knuth relations, Robinson- 
Schensted correspondence, etc. 


The tensor product construction is defined below. It may appear to be an unnecessarily complicated 
version of the construction for words. However this construction is useful conceptually and is necessary later 
for affine crystal graphs. 

Let B,, Bo,..., By be crystal graphs. The tensor product crystal graph B, ®---® By has vertex set 
given by the Cartesian product B, x --- x By. The element (b1, b2,..., bx) is denoted b = bj ®--- @ by. The 
weight function is the sum 


‘ 
wt(b) = S° wtz, (b;). (2.10) 


The Kashiwara operator f;(b) (resp. e;(b)) is obtained by applying f; (resp. e;) to one of the tensor factors 
of b. Form the word of parentheses 


) Pi(b1) (e401) @ foe @) Pi (be) (ci (br) 


where the tensor symbols indicate to which tensor factor a parenthesis belongs. Match the parentheses as 
usual. Then define 
fi(b) = +++ @ bp-1 ® fi (bp) ® bp41 @--- (2.11) 


where b, is the tensor factor containing the rightmost unmatched “)”. If there are no unmatched “)” then 
fi(b) = 0. Similarly 
€;(b) = +++ @ bg-1 @ ei(bq) @ bg41 B+ (2.12) 


” 


where b, is the tensor factor containing the leftmost unmatched “(”. If there are no unmatched “(” then 
e;(b) = 9. As before y;(b) is the total number of unmatched “)” and ¢;(b) is the total number of unmatched 


ae . 
Example 2.19. The crystal graph structure defined in section on the set B(1)* of words of length k 


in the alphabet B(1), is the k-fold tensor power B(1)®*. The weight function on B(1)* given by the content 
of a word, is precisely the sum of the weights of its letters as prescribed by (P.10). 


Proposition 2.20. The tensor product operation on crystal graphs is associative. Any grouping of tensor 
factors produces an isomorphic crystal graph. 


Proof. It is obvious from the parenthesis constructions that (B, @ Bz) ® Bs & By ® (By ® B3) since both 
are isomorphic to the threefold construction B, ® Bj @ Bs. 














Remark 2.21. The trivial crystal B(0) is the identity for the tensor product: for any crystal graph B, 
B® B(0)~ B00) @B2B. 


Warning 2.22. Representation theory implies that B @ B’ ~ B’ @ B. In general there is no commutativity 
in th sense that there is generally no natural isomorphism between tensor products in different orders. We 
shall see an important exception in section for certain affine crystal graphs. 


The twofold tensor product structure is given explicitly below. Define § @ b' = 9 and b@@=9. Then 


rn _ JO@ filo) if ei(d) < pill’) 
= ee @b' otherwise. et) 
n e;(b) @b' if e;(b) = pid’) 
i . @e;,(b’) otherwise a 
and 
yi(b @ b') = yi (b) + max(0, y;(b') — €;(b)) (2.15) 
e4(b ® b’) = e;(b’) + max(0, e;(b) = y;(b’)). (2.16) 


We end this section with a few useful results. 


Proposition 2.23. Let U; : B; — Bi be morphisms of crystal graphs fori = 1,2. Then UV, @WV2: Bi @By > 
Bi ® BS given by by ® bz + Vy(b;) ® Vo(b2), ts a crystal graph morphism. 











Proof. Follows directly from the definitions. 





Proposition 2.24. Suppose b; ® bg and c, ® cz are two elements in the same component of B, ® Bz. Then 
b, and c, are in the same component of B, and bz and cz are in the same component of Bo. 


Proof. Since being in the same component is an equivalence relation, we may reduce to the case that 
fi(by ® bz) = cy @ cg. Since f; acts on one tensor factor or the other by (2.13), the result follows. 














Lemma 2.25. The concatenation map B(1)* @ B(1)! + B(1)*t! given by u@v + wv is a crystal graph 
morphism. 














Proof. Example and Proposition p.2q. 


Proposition 2.26. Let D,, Do,..., Dx be skew partition diagrams with total size N. Then the map B(D,)® 
--»@ B(Dx) — B(A)™ given by Ty @ +--+ @ Ty TT ---Th, is an injective crystal graph morphism. 


Proof. The map B(D;) — B(1)!”‘! given by taking the reading word, is a morphism by definition; see 
Example 2.19} Tensoring these morphisms together is a morphism by Proposition p.24. Following that with 
the concatenation map (a morphism by Lemma|2.25) is the desired map, which is therefore a morphism. 














2.3.5 Dual 


This construction comes from the contragredient dual of a module. Given a crystal graph B, there is a 
crystal graph BY called its dual, obtained by renaming each vertex b by bY, reversing each arrow, and taking 
the negative of the weight function. More precisely, BY = {bY | b € B} with 


fi(bY) = ex(b)* 

ei(bY) = fi(b)” 

yi(b”) = e:(0) (2.17) 
ei(bY) = yi (0) 

wt(bY) = —wt(b) 


where by convention QY = 0. 


Example 2.27. The dual B(1)Y of the single box crystal is given by reversing the arrows in B(1) (see 
section |2.2.2)) and negating weights: 
1 2 3 n-1 


1 V 9 V ee _=$13 V ge =. + <—V 





















































The weight of |v) is the negative of the i-th standard basis vector in Z”. 











Lemma 2.28. (B, ® Bz)’ = BY @ BY. 











Proof. It follows directly from the definitions that the map (b; ® b2)Y + bY @ by is an isomorphism. 





2.3.6 Dynkin symmetry 


In general a crystal graph has an associated Kac-Moody algebra g which in our case is sl,. These algebras 
can in some sense be completely encoded by a graph called the Dynkin diagram, which in our case is the 
graph A,,_, pictured below. Its vertices are labeled by the index set i € I for the vectors given by the simple 
roots a;. It has directed edges labeled by integers. Vertices 7 and j are adjacent if and only if a; and a; are 
not orthogonal, and the direction and value of the edge depends on the relative lengths of a; and a; and the 
angle between them. 

A Dynkin automorphism is an automorphism of the Dynkin diagram, a bijective self-map that pre- 
serves all of the above graph structure. The Dynkin diagram A, has an automorphism of order 2 denoted 
by *, which exchanges the Dynkin vertices 7 and n — 7 (or rather, the simple roots a; and a,_;) for 7 € I. 


——»———“e 
1 2 n-2 n-1 


Remark 2.29. Every simple Lie algebra has an analogous Dynkin automorphism of order at most 2 (which 
is the unique nontrivial Dynkin involution in types Eg and D,, for n odd) given by permuting the simple 
roots by a; + —woa; where wo is the longest element in the Weyl group. For our situation wo is the 
reversing permutation. 


Any symmetry 7 of the Dynkin diagram gives rise to an induced symmetry for the crystal graphs. By 
representation theory the crystal graphs and weight lattice have an induced symmetry also denoted 7. For 
the automorphism * of A,_1, the induced symmetry of the weight lattice is negative reversal: 


«1 Z” = Z” 
(Ai, engi »Bn)* = —wo(8) as (-—Bn, os .,—(1). 


Theorem 2.30. Let 7 be any Dynkin automorphism and B any crystal graph. Then there is a crystal graph 
B™ that is obtained by renaming each vertex b by T(b), relabeling each arrow i by T(t), and changing the 
weight of b byt. That is, B™ is defined to be a set with a byection tT: B — B™ such that 


(2.18) 


T(fi(b)) = fr (7 (0) 

T(es(b)) = era) (7 (0)) 

T(si(b)) = 8-(T(0)) (2.19) 
(b)) ) 


for allbe€ B andiel. 


Corollary 2.31. Given any (type An-1) crystal graph B there is a crystal graph B* with vertices b*, and 
there is an i-arrow from b to c if and only if there is an (n — i)-arrow from b* to c*, with wt(b*) = wt(b)*. 


Example 2.32. The crystal graph B(1)* is given below. 


n-l1 n—2 n—3 1 
1* 2 > 3° > + +s — * 









































The weight of 7* is the negative of the (n + 1 — 7)-th standard basis vector. 


Lemma 2.33. For any crystal graphs By and Bo, (Bi ® Bz)* = By ® B3. 


2.3.7 The # operation, reverse complement, and antitableaux 


Combining the Dynkin automorphism * with duality V we obtain the # operation. It associates to each 
crystal graph B a crystal graph B* which relabels each vertex b € B by b%, reverses each arrow i and 
relabels it n — 7. It changes weight by the map #: Z” — Z” given by 


(Bigzig Balm = (Bn, +++, 1). (2.20) 


Proposition 2.34. Given any crystal graph B there is a crystal graph B* = {b* | b © B} with crystal 
structure defined by 


fi(b™) — €n—4(b)* 
5;(b*) = 8n_;(b)* (2.21) 
(b”) ) 


Example 2.35. The crystal graph B(1)*, obtained from that of B(1)* by duality, that is, by reversing 
arrows and negating weights, is given below. 








pp eS 



































The weight of 7 is the (n + 1 —1)-th standard basis vector. 
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The following natural isomorphism follows immediately from Lemmata 2.28 and B.33. 


Proposition 2.36. For any crystal graphs B,, Bz, the map (bz ® b,)# bi ® be is an isomorphism of 
crystal graphs (Bz ® B,)* = BF @ BF. 


Warning 2.37. It turns out that there is an isomorphism B Y B* but it is not canonical in general; it is 
akin to the fact that the isomorphism B, ® Bz = Bz ® By, is not canonical. 


Remark 2.38. (i) Comparing B(1) in section 2.2.3 and B(1)* in Example we see that B(1)* = 
B(1) via the identification c* =n+1-—~2 for x € B(1). 


(ii) By Proposition there is a natural bijection B(1)* > B(1)* given by b = by -- +b, > b# := bF .-. DF 
satisfying (p.2]). This is the well-known reverse complement map on words. It restricts to a natural 
bijection # : B(r) > B(r) on weakly increasing words of length r. 


(iii) For 8 = (f1,...,8%) € Zp, let B® = B(By) @ ++» @ B(f,) and b = by ®---@b; € BP be a tensor 


product of weakly increasing words. By Proposition there is a natural bijection # : B? — Brev\) 
given by by @---@b, bF Q-+-@ oft satisfying (2.21)) where rev(3) = (G,,..., 1) is the reverse of (. 


(iv) The restriction of the map b + b* on B(1)* to the subset B(A), gives a natural bijection B(A) + B(\)* 
satisfying (21). The latter set, which is already defined by the abstract operation B +> B#, may 
be identified (via reading words as usual) with the set of semistandard tableaux of the skew shape 
obtained by the 180-degree rotation of the diagram of \. The image T* of T is called the antitableau 
of T. 


Example 2.39. Let n = 4 and \ = (4,2,1,0). Here is a tableau T € B(4,2,1,0) and its antitableau T*. 





























1]/1]1]2 5) 
T=(|2/4 Tt = 1/3 
3 3/414/4 





























2.4 Connectedness and consequences 
2.4.1 B(A) for dominant weights \ 


A dominant weight is a weakly decreasing sequence of n integers, some of which could be negative. Let 
Z% denote the set of dominant weights. Let y € Z%. If 7 is a partition then B(7) has already been defined. 
If Yn < 0 define 7 

B(y) = (B(1")”)?-™ ® B(y — (yn): (2.22) 


Example 2.40. Let n = 3. Then B(0,0,—-1) = B(1,1,1)Y ® B(1, 1,0). 


Remark 2.41. Since B(1") has no arrows, neither does any of its tensor powers nor do those of B(1")Y. 
Therefore tensoring (on either side) with B(1")®* (resp. (B(1")Y)®*) preserves the colored directed graph 
structure and changes the weight by adding (resp. subtracting) (k”). Note also that if A is a partition with 
An > 0 then all of the \,, columns of height n in a tableau of shape A, must be copies of the single column 
n-+-21. Therefore for all y € Z% and k > 0 we have 


& 
~ 
+ 
= 
5 
l 


B(1")®* @ B(y) (2.23) 
B(y — (k")) = B(")¥®* @ B(y). (2.24) 


2.4.2 Highest weight vectors 


A highest weight vector b € B is a vertex with no incoming edges, that is, e;(b) = 0 (or equivalently 
€;(b) = 0) for all i € J. Given a crystal graph B, let Y(B) denote the set of highest weight vectors in B and 
Y(B; 2) those of weight A. The weight of a highest weight vector is dominant. 
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Proposition 2.42. Leti¢ I andb€ B have weight 8 € Z". Then yi(b) > Bi — Bi41 and €;(b) > Bi41 — (ij. 
Ifbe Y(B) then BE ZS. 


Proof. Follows by (2.4), (2.5), and the fact that <;(b), y:(b) > 0. 


Lemma 2.43. For every \ € ZS, every morphism of crystal graphs sends highest weight vectors of weight 
X to highest weight vectors of weight X. 














Proof. Let V : B — B’ be a morphism and b € Y(B). Then for all i € I, e;(W(b)) = V(e;(b)) = VO) = 0. 
Therefore U(b) € Y(B’). Finally UV, being a morphism, preserves weight. 














Proposition 2.44. For every A € Z%, B(A) is connected. It has a unique highest weight vector denoted yy. 
If \ is a partition yy is called the Yamanouchi tableau, the unique tableau of shape \ whose i-th row consists 
solely of letters i for allt. 


Proof. See the 


Example 2.45. 

















— 
— 
eK 





bo 
i) 
bo 











Y(4,4,2,1) = 











Hm] CW] bo] rR 
w 








Remark 2.46. Since ¢;(y,,) = 0, by (2.4) and (2-5) we have 9; (y,) = Mi — Mit1 for i € I. 


2.4.3 Classification of connected crystal graphs 


Lemma 2.47. Any morphism UV: B — B' whose domain B is connected, is uniquely specified by fixing one 
particular value of WV. 











Proof. Immediate from the definitions. 





The following nontrivial and strong fact is a direct consequence of complete reducibility and highest 
weight theory for suitable representations of the quantum group U,(sl,). 


Theorem 2.48. For every connected crystal graph B, there is a unique A € Z% such that B & B()). 
Moreover the isomorphism is unique. 7 


Proposition 2.49. Every connected crystal graph B unique highest weight vector; if the weight of that vector 
is \ then B= B(A). 


Proof. Let B be connected. By Theorem there is an isomorphism P : B — B(A) for some » € Z%. By 
Proposition B(A) has a unique highest weight vector y,. By Lemma P43 P~1(y) is the unique highest 
weight vector of B and it has weight A by Lemma 2.43} 














Lemma 2.50. Let UV : B & B’ be an isomorphism of connected crystal graphs. Then the highest weight 
vectors of B and B' have the same weight. 


Proof. By Proposition B and B’ have unique highest weight vectors, say y and y’. By Lemma 
W(y) =y’, so y and y’ have the same weight since morphisms preserve weight. 














Remark 2.51. The crystal graphs B(A) for A € Z& form a set of representatives of the isomorphism classes 
of connected crystal graphs. This holds by Theorem 2.48, Lemma p.50, and Proposition [2.44 
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2.4.4 Decomposition 


By Proposition we may define the map Y : B — Y(B) that sends b € B to the unique highest weight 
vector in its component. The following is the abstract canonical decomposition of a crystal graph into its 
components. 


Corollary 2.52. Let B be any crystal graph. For each component C of B, let X = X(C) € ZY and 
P=Po:C= B(A) be the isomorphism of Theorem (2.44. Then there is an isomorphism 7 


B= @B() x Y(B;)) 
Xr 


(2.25) 
brs (P(b), Y(d)) 
such that 
P(F(b)) = F(P(b)) (2.26) 
Y(F(b)) = Y(b) (2.27) 


for all b € B, where F is one of the operators f;,e;, 5; fori € I. 


Proof. See the 


Example 2.53. The crystal graph in Example has components which are actually equal to B(2) and 
B(1,1) (under the identification of a tableau with its column reading word) with respective highest weight 
vectors 11 and 21. 














Corollary 2.54. Let UV: B — B’ be any crystal graph morphism. Then (i) for allb € B, W restricts to 
an isomorphism of the component of b with that of U(b). (ti) P(U(b)) = P(b). (vi) b © Y(B) if and only if 
W(b) € Y(B’). 


Proof. See the 


Corollary 2.55. Let B and B' be crystal graphs. 














1. Let V : B — B’ be a morphism of crystal graphs. Then for each partition , there is a map Wy : 
Y(B,2») > Y(B’,A) given by restriction of V to Y(B,A). If V is an isomorphism then the Vy are 
bijections. 


2. Suppose for each X there is prescribed map of sets UV, : Y(B,A) — Y(B',A). Then there is a unique 
morphism UV : B = B’ whose restriction to Y(B,2) is Vy) for all X. If each of the Vy is a bijection 
then V is an isomorphism. 


Proof. See the 


A crystal graph is multiplicity-free if its connected components are nonisomorphic. 














Corollary 2.56. Let B and B’ be multiplicity-free and V : B > B’ a morphism. Then W is an isomorphism 
and is the unique isomorphism B — B’. 


Proof. Immediate from Corollary as any function between singleton sets gives the unique bijection 
between them. 
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2.5 Multiplicities in tensor products 


Let B be a crystal graph. Define the multiplicity of B(A) in B by the number of highest weight vectors of 
B of weight A: 
[B: B(A)] =|Y(B,))|. (2.28) 


We shall compute this when B is a tensor product of various kinds. There are two kinds of formulae. The 
first comes from the definition: just count highest weight vectors. The other kind of formula is dual to the 
first; one applies the bijection 34) in some form and counts certain tableaux. We will see them later as 


Q-tableaux from the Robinson-Schensted-Knuth correspondence. 


Proposition 2.57. }@b' © Y(B®@ B’) if and only if b' € Y(B’) and ¢;(b) < ¢,(b’) for alli € I. 














Proof. Follows from (2.16). 


2.5.1 Words, Yamanouchi property, and Robinson-Schensted 


Say that the word b = by, --- bab; € B(1)* is Yamanouchi if the weight of each of its right factors bj +++ baby 
is a partition. 


Example 2.58. Let n = 3. y = 2131121 is a Yamanouchi word. Its right factors (in increasing length) 
are the empty word @, 1, 21, 121, 1121, 31121, 131121, and 2131121, whose weights are (0,0,0), (1,0,0), 
(1,1,0), (2,1, 0), (3,1,0), (3,1,1), (4,1,1), (4,2,1), which are all partitions. 


Lemma 2.59. There is a bijection from the set of Yamanouchi words of weight r, to the set ST(A) of 
standard tableaux of shape X. It sends y = ye---y1 + Q € ST(A) where the letter 7 is placed in the y,-th 
row of Q. 


Example 2.60. The standard tableau Q for y in the previous example is 




















1[3[4[6 
i vee aera 7 
ye 21 RL t 2a og 229) 











Proposition 2.61. A word is a highest weight vector if and only if it is Yamanouchi. 


Proof. See the 


Here the direct count of highest weight vectors of weight \ in B(1)* is the number of Yamanouchi words 
of weight \. The multiplicity space tableaux are in this case the set ST(A). 
By Corollary and Lemma we obtain the decomposition 














B(1)* = @ BA) x ST()). (2.30) 
Xr 


The explicit computation of this bijection, the Robinson-Schensted correspondence, is developed later in 
section 3.4. 


2.5.2 Skew shape and partition; the LR rule 


For a partition y, say that a word u is u- Yamanouchi if and only if uy, is Yamanouchi. Equivalently, by 


Proposition and Remark B.44, 
u is u-Yamanouchi if and only if e;(u) < wo; — wi4i for all 2 € J. (2.31) 


Let LR, (6/7, 3) the set of semistandard tableaux of shape 6/7 that are y- Yamanouchi of weight (. 
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Proposition 2.62. There is a bijection from the set LR,(d/y,A — 1) to Y(B(d/y) ® B(y),A) given by 
ToT @ yp. In particular 
[B(d/7) @ Blu) : B(A)] = [LR (5/7, 4 — w)I- (2.32) 


Proof. Let T ®T’ € Y(B(6/y7) ® B(u), A). Then T’ = y, by Propositions and 2.44) By Propositions 
and 2.6], Ty, is Yamanouchi of weight A, that is, Tis z-Yamanouchi of weight A — wp. 














Given partitions A, j1,v define the Littlewood-Richardson (LR) coefficient Gy by 


= [B(u) ® Biv): B(A)]. (2.33) 


pV 
Corollary 2.63. c},, = |LR,(v, — )|- 


We shall recover the usual Littlewood-Richardson rule. 
Let W(a, 3) be the set of sequences u = (..., 2,1) of weakly increasing words such that u; has length 
a, for alli and 7°, wt(u;) = £. 


Lemma 2.64. There is a bijection 
W(a, 8) + W(B,a) (2.34) 


sending u to v, such that the number of letters i in vj, is the number of letters j in uj. 





Proof. Obvious. 











Define the overlap ov(c, b) of the weakly increasing words c and b, to be the maximum r such that there 
is a bijection from the letters of a subword b’ of b of length r, to the letters of a subword c’ of c of length r, 
such that every letter is sent to a larger one. This measures by how many columns one may slide the row c 
under the row b to obtain a two-row skew tableau. 


Example 2.65. Let c = 12245 and b = 334. Then ov(c, b) = 2, since 











3 (3/4 is a semistandard skew tableau but is not. 


1/2/2/4/5 1/2 

















3/3/4 
2(|4 



































Lemma 2.66. Let u and v correspond under the bijection (B.34). Then ov(uj41, ui) ts the number of 
i-matched pairs in the concatenated word ---v2v1. 


Proof. This follows from the fact that the number of i-matched pairs in a word is the same as the maximum 
r such that there is a bijection from a subset of r of the letters 7 to a subset of r of the letters 7 + 1 such 
that each i maps to an 7+ 1 to its left. 














Lemma 2.67. Let u and v correspond under the bijection (2.34). Then u gives the rows of a tableau of 
skew shape X/p if and only if v is u-Yamanouchi of weight \ — p. 


Proof. Clearly the rows of u have the right size if and only if v has weight A— ju. We may assume that these 
conditions hold. The following are equivalent: (i) The rows u;+1 and wu, fit as a semistandard tableau into 
the i-th and (i+1)-th rows of A/p. (ii) ov(wi41, Ui) > Aiz1 — Ui. (iii) v has at least A;41 — 4; t-matched pairs. 
(iv) v has at most Agia — Mina — (Aina — Mi) = Mi — Mi41 t-unmatched letters i+ 1. (v) v is w-Yamanouchi. 
(i) and (ii) are clearly equivalent. (ii) and (iii) are equivalent by Lemma 2.66. (iii) and (iv) are equivalent 
since an i + 1 is either i-matched or not. (iv) and (v) are equivalent by (2.31) 











Corollary 2.68. The bijection (2.34) restricts to a bijection LR,(5/y, 4 — w) & LRy(A/u, 6 — 7). 
Proof. Lemma applied twice. 


We recover the classical LR rule. 














Corollary 2.69. c\,, = |LR(A/p,v)|. 


Proof. Proposition and Corollary 2.63, 
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2.5.3 Row and partition; the Pieri rule 


Let us consider the special case B(r)®B(,s) in particular. We want to know exactly when [B(r)®B(js) : B(A)| 
is nonzero and what the answer is. 

Given a partition pp = (u1,...,n) and r € Zso, let (r) ® p be the set of partitions A = (A1,...,An) such 
that the skew diagram \/ is a horizontal strip of size r, meaning that the diagram of A contains that 
of uz and their difference consists of exactly r cells, at most one in each column. Such skew shapes are in 
obvious bijection with the set T(\/, (r)) of semistandard tableaux of shape A/j of weight (r). 


Proposition 2.70. Let = (j1,...,}0n) be a partition and r € Z>o. There is a unique isomorphism 
Br) @Bu)= @ BI). (2.35) 
AE(r)@p 


Proof. By Corollary CO. is the number of semistandard tableaux of shape A/ that are Yamanouchi 
of weight (r). But any tableau of weight (1) is Yamanouchi. The letters 1 in any semistandard tableau must 
form a horizontal strip. Therefore CO = 1 if A/p is a horizontal strip of size r and 0 otherwise. This also 
shows that B(r) ® B() is multiplicity-free, so the isomorphism is unique by Corollary 2.54, 














Example 2.71. Let n = 3 and pu = (3,2,0). We have 




























































































® = sie Otte A SC 8 ® (Cle 













































































where B(A) is represented by the diagram of \ and the cells in the added horizontal strips are marked with 
ae. The highest weight vectors in B(3) ® B(3, 2), in order according to the expansion on the right, are given 
by u®@ y(3,2) where u runs over the set 111, 112, 113, 123, 133, 233. Note that each u indicates the row indices 
of new cells to be added to (3,2) to obtain the corresponding 2 € (3) @ (3, 2). 


2.5.4 Rows and partition; Robinson-Schensted-Knuth correspondence 


We iterate the above case. Let 3 = (31, B2,..., Br) € 754 and let 


B® = B(G,) @--- @ BA) (2.36) 
be the tensor product of crystal graphs indexed by single-rowed partitions. The elements of B® are just lists 
b = (bg, ..., 62,61) where b; is a weakly increasing word of length £;. 


Let T(A/p; 3) is the set of semistandard tableaux Q of shape A/p and weight /. 


Proposition 2.72. Let 3 € ZX and «1 a partition. There is a bijection Y(B° ® B(u),A) > T(A/p; 8) 
sending Y @ Yn = Yk ®@+**@ yi @Yp to Q such that y and the rows of Q listed in decreasing order by row 
index, correspond under the bijection (2.34). 


Proof. The bijection is obtained by iterating Proposition 2.70. Let y @ y, € Y(B° ® B(y),A). For any j, 
yj ®-:-@y1 @y, is a highest weight vector, having weight uw’? say. We have a chain p = Dae By 
where each 0) /u9- is a horizontal strip. Q is obtained by placing 3; letters j in the j-th horizontal strip. 
By Proposition this defines the desired bijection. It easily satisfies (2.34). 














Example 2.73. Let 3 = (3,3,2), \ = (4,3,1), and w= @. A highest weight element y € B® of weight » 
and the tableau Q € T(A; 3) are given below. 















































1]1]1] 1]1]1]2| 
y= 1/22 (2/2/38) =Q. 
2/3 3 
By Proposition with pz = @ we obtain the isomorphism 
B° = @ BC) x T(A; 8). (2.37) 
r 


The map is computed explicity in section B.9. 
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2.6 Schensted’s P-tableau 


We now derive Schensted’s column-insertion algorithm Bp) to compute the P-tableau, directly from 
crystal graph constructions. 


2.6.1 Knuth relations 


Proposition 2.74. The antitableau crystal graph is isomorphic to the tableau crystal graph: 


B(A)* & BUA). (2.38) 














Proof. See the 


Computing the isomorphism (2.38) explicitly for \ = (2,1) recovers the Knuth relations. 


Proposition 2.75. For \ = (2,1) the isomorphism (2.38) is given explicitly by 

















yl, LY yao 
rap. - ifa<y<z (2.39) 
ig pu<ydz. (2.40) 
Ylz y 




















Proof. Let J : B(2,1)# — B(2,1) be defined by (2.39) and (2.40). J is well-defined and bijective by 
definition. It remains to check that J(f;(b)) = fi(J(b)) and J(e;(b)) = e;(J(b)) for all b € B(2,1)# and 
i€I. The map J commutes with f; in an obvious fashion except when b = i(¢ + 1)i, in which case we have 
J(fi(b)) = J(@ +1) G4 1)t) = @4+ DiGt+ 1) = fi((¢t+ Lit) = fi(J (+ 1)i)) = fi(J(b)). The commutation 
of J and e is similar. 














The Knuth equivalence relation = on words (on B(1)) is that which is generated by elementary 
Knuth transpositions, which are relations of the form 


ULZYV = UZryv where x <y<z 
(2.41) 
UyLZU = uyzxv where zt <y<z 


with letters x,y,z € B(1) and words u and v. 


Proposition 2.76. Let b = b' for some words b,b’ in the alphabet B(1). Then there is a unique isomorphism 
from the connected component of b to that of b’ sending b to b'; moreover it sends words to Knuth-equivalent 
words. In particular, for alli € I, 


(i) pild) = gi(b’) and fi(b) = fil’). 
(ii) e;(b) = e;(b’) and e;(b) = e;(b'). 
(iti) 8;(b) = 8;(b!). 
(iv) The number of i-matched pairs are the same in b and b’. 


Proof. See the 


Lemma 2.77. Let u be a strictly decreasing word and x a letter in u. Then cu = ua. 














Example 2.78. Let x = 3 and u = 54321. We have 354321 = 534321 = 543321 = 543231 = 543213. 


Lemma 2.79. For every Yamanouchi word y of weight A, y = yy. 


Proof. See the 
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The Knuth relations furnish a concrete characterization of the P map of Theorem for the crystal 
graph B(1)*. 


Theorem 2.80. (i) For every word b € B(1)*, b= P(b), and P(b) is the unique tableau (of partition shape) 
that is Knuth equivalent to b. (ii) b = b' if and only if P(b) = P(b’). (iti) P(F(b)) = F(P(b)) for all 6, 
where F is one of e;, fi, 8; fori € I. 


Proof. See the 


Given a word b we define the P-tableau P(b) to be the unique tableau of partition shape such that 
b= P(b). 














2.6.2. Robinson’s computation of the P-tableau 


We give Robinson’s method to compute the P-tableau is}, restated in crystal graph terms. 

Start with the word b. Repeatedly apply raising operators until no longer possible, reaching a Yamanouchi 
word y. Let E(b) = y where E = e;,,---+€;,€;, is the sequence of raising operators used to reach y from b. 
Let A = wt(y). Let F = fi, fi, +++ fix be the sequence of lowering operators such that F'(£(b)) = b. Apply 


F to yy. The result is P(b); see the of Theorem P.80. 


Example 2.81. Let n = 4 and b = 3141221. First, we apply raising operators to b until we reach a 
Yamanouchi word y. 
b = 3141221 S 3141121 3 3131121 3 2131121 = y. 


wt(y) =A = (4,2,1,0). We apply the reverse sequence of lowering operators to y(4,2,1,0)- 
























































1/1)1}2 ft L/1/1)1 f. 1/1}1)1 f 1/1)1/}1 
P(b) =|2/4 =/2/4 £1213 #/9/2 = Y(4,2,1,0) 
3 3 3 3 






































This algorithm has the drawback that the distance from b to y may be very large even if the objects b 
and y are small. 


2.6.3 Schensted’s column insertion algorithm 


We derive Schensted’s column insertion algorithm (ig) to compute P(b), directly from considering crystal 
graphs. 

Let b = by --- bob; with b; € B(1). Schensted’s algorithm computes the sequence of tableaux @ = P(), 
P(b,), P(bzb1), -.., P(by+++b1) = P(b). We have P(b;--+b1) = P(bjP(bj-1-++b1)) by Theorem B.80. So 
to compute the above sequence of tableaux, it suffices to compute the P tableau for words of the form xT, 
where T is a tableau and z is a letter. Say T has shape ps. Write 


(c > T):= P(aT). (2.42) 


The element (x — T) is the image of z ® T under the map (2.35) in the case r = 1. The shape \ of the 
resulting tableau is in the set (1) ® y, the set of partitions \ = (\1,...,An) obtained by adding a single cell 
to pL. 

We derive an algorithm for computing (x — T)): it is called the column insertion of the letter x into the 
tableau 7. Our derivation proceeds by cases of increasing difficulty. 

Let T have shape w. 


e 4= 2 is the empty partition: 


Here (2.35) is the isomorphism B(1) ® B(@) & B(1) (see Remark 22.21) and 





(st > @) =|z]. (2.43) 
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The column insertion of x into the empty tableau @ is by definition P(x) = x, the tableau with singleton 
entry x. 


e 44 = (1") is a single column for 1<r<n-1: 


Then becomes B(1)@B(1") = B(1"t+!)@ B(2, 171). Let x@b € B(1)@ B(1"). Write b = b, ++ baby 
with b; € B(1) and b, > +--+ > be > by. 

Suppose first that 2 > b,. Then zb is strictly decreasing, that is, zb € B(1"*1). Therefore P(xb) = xb 
since the latter is already a tableau of partition shape. Otherwise « < b, and xb € B(2,1"~')* is an 
antitableau. By Proposition it follows that P(xb) € B(2,1"~+). Let i be smallest such that x < b;. Let 
c be obtained from b by replacing y = b; with x. It is not hard to show that xb = cy and that cy € B(2,1"~') 
is a tableau of partition shape; see Example Therefore P(xb) = cy. 


Example 2.82. Let x = 3 and b = 5421. Then y = 4, c = 5321, and 















































































































































; 1 1 1 1|4 
= _ |2 2 2\|4 3 a 
r@b= 4 tb = mi ald 3 3 =cy=(x# > d). 
3 3/5 4) 4) 5 
The rule for computing (2 — b) is summarized below. 
b]\  [ 
xl} | =/- if a > by. (2.44) 
by a 
x 
by by |b; 
x—\b;| | =/2 if 7 is minimum with x < },. (2.45) 
b, by, 

















e 4 =(1") is a column partition of maximum height: 


B(u) = B(1") has the lone element T € B(1”) and no arrows where T is unique column tableau n---21 
of height n. It is easy to check that B(1) ® B(1") has the lone highest weight vector 1@T. Therefore 
B(1) ® B(1") = B(2,1"71). We have P(xT) = Tx € B(2,1"~') since x commutes with T by Lemma 2.77. 
This rule agrees with (2.45) if we allow r =n. 























1 l\a 
2 2 
> ies 
x x 
n n 

















e has more than one column: 


Let r be the size of the first column of u and jé the partition obtained by removing the first column from 
p. For T € B() write T = T,T2 where T; € B(1") is the first column of T and Tz € B(jt) is the rest of T. 
Compute (z — T;) using the single-column case. Let $; be the first column of (2 — T,) and y the second 
column. 
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(i) Suppose y = @. Then (x > T) = aT is the tableau obtained by placing x at the bottom of the first 
column of T. 


(ii) Suppose y € B(1). Then (4% — T) = SS (the tableau with first column S; and the rest 52) where 
Sy = (y > T>) has been computed by induction. 


This agrees with the definition (p.42). If y = © then it is clear that xT is a tableau, in which case 
(x > T) = P(aT) = aT by (P.49) and Theorem B-80(i). If y € B(1) then by employing standard arguments 
[1 9] it may be shown that S52 is a tableau. This given, we have eT = 27,7) = SiyT2 = SS» since the 
smaller column insertions preserve Knuth equivalence due to the fact that b = P(b) (Theorem R.80(i)). Then 
P(xT) = P(S,S2) = $,S2 by Theorem 


Example 2.83. Let’s compute the insertion of « = 3 into the tableau T below. T has more than one 
column. Split it into its first column JT) and the rest 7. 






















































































1{1}1)|2 1 
T=(/2 T, =|2 Tz =|1/1}2 
4 4 
Insert x into T;. The single-column recipe produces the following results. 
1 1\4 1 
3—|2 =|2 Si =|2 y=4 
4 3 3 


























Inductively we need to know how to insert y = 4 into 72, which we split into its first column 7T>; and the 
remainder Th. 








To) =/1 Th2 =| 1} 2). 




















Inserting 4 into 751 yields 































































































fl 
4—)1)/)= a" 
Therefore 
(4 fifa) =G A= 
Finally 
1/1])1|2 1/1])1}2 
3 |2 = $$, =|2}4 
4 3 




















2.6.4 Pieri property 


Proposition 2.84. Let T € B() be a tableau and u = u,--- ur € B(r) be a weakly increasing word with 
letters u; © B(1). Then successive column insertions into T of the letters u,, then u2, and so on, change 
the shape of the tableau by adding cells from left to right in a horizontal strip. 


Proof. See the 


2.7 Reverse complement and evacuation 














By Proposition there is an isomorphism B(A)* & B(A) given by S ++ P(S). Define the evacuation 
T°’ of T by 


ev: B(A) > B(A) 


2.46 
T’ = P(T*). eae 

Equivalently, T°” is the unique tableau of partition shape such that 
ae ae (2.47) 
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Example 2.85. Let n = 4 and \ = (4,2,1,0). We give a tableau T, its word, colword(T), the reverse 
complement of its word, and its antitableau 7%, and T°’. 












































































































































on words, sends Knuth classes to Knuth 


1/1/1]2 
T=(2/4 colword(T’) = 321.41.1.2 
3 
2 
T# = 1/3 colword(T)* = 3.4.41.432 
3[4|4|4 
2 1/2 1/2/4] [1]2]4]4 
1/,3/= 3/4} =  [8]4) =(/3]3 = 7". 
3[4[4]/4| [3]4[4 3/4 4 
# 


Directly from the definitions, one sees that the operation 
classes. 


Proposition 2.86. For b,b’ € B(1)*, b=D’ if and only if b* = o*, 
Proposition 2.87. (i) For every word b € B(1)*, P(b¥*) = P(b)%. 
(ti) THT is an involution on BA). 
(iit) fi(TS’) = en_-i(T)™, ex(T) = fn—i(T)%, and s;(T°’) = sp_i(T)% for all T € B(A) andie I. 


Proof. See the 


Example 2.88. Let n = 4 and b = 24@ 134 @ 123. We have b* = 234 @ 124 @ 13. We may compute P(b) 
and P(b*) using column insertion. 






















































































1/1]21]3 1/1]/3/4 
P(o) =|3/3\4 P(b*) =/2/2/4 
4 3 
We have 
1] [1/1]3]4 
P(b\)* = [1/2/3|/=/2/2/4] = P(b) 
2/3/4/4| [3 


























which verifies Proposition B.87(i). 


2.8 Schensted row insertion 


Schensted row insertion may be defined in a similar manner beginning with the r = 1 case of the following 
right hand analogue of Proposition B.7d, but we shall not pursue this. 


Proposition 2.89. There is a unique crystal graph isomorphism 


BW)@Br)= B® BO) 


AE(r)@p 
T@ur P(Tu). 
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3 Recording tableaux 


From the viewpoint of the theory of crystal graphs, the recording tableaux of the Robinson-Schensted-Knuth 
correspondence are merely combinatorial objects which label the connected components of certain tensor 
product crystal graphs. Therefore we shouldn’t think of the recording tableaux as naturally living inside 
crystal graphs. At the same time, we will end up apply some crystal graph operations to them since they 
are tableaux (see for a description of the full-fledged crystal structure on @-tableaux and the duality 
of raising and lowering operators with jeu-de-taquin). We develop some properties of recording tableaux, 
based on the properties of the crystal graphs whose components they label. 


Warning 3.1. For simple Lie algebras other than sl, the analogue of recording tableau will look nothing 
like the kind of tableau which naturally label vertices of a crystal graph. 


3.1 Two definitions of the standard @Q-tableau 


Let b € B(1)* be a word. Define Q’(b) to be the standard tableau associated with the unique Yamanouchi 
word y = Y(b) (see Lemma 2.59) in the component of b. This is essentially Robinson’s definition [[L8}. 


Example 3.2. Example computes the Yamanouchi word y in the component of the word b. Q’(b), 
which is the associated standard tableau of y, is given in Example 


Let b = by --+b, € B(1)* be a word. Schensted defines the (column insertion) Q-tableau Q(b) to be the 
standard tableau of the same shape as P(b), such that j appears in the cell that must be added to the shape 
of P(b;-1---6;) to get to the shape of P(b;---b1), for 1<j <k. 


Example 3.3. Let b = 3141221 as in Example [2.81 We compute the P-tableaux of each right factor of b 
by successive column insertions. 









































































































































1/1/2 1/1/1|2 1/1)1|2 
2 ff, b> BH BYY. Br. PB , [2|4p = PQ). 
4 4 3 
Therefore 
1/3|4|6 
Q(b) =|2[7 
5 











This agrees with the Robinson recording tableau Q'(b) of the previous example. 
Proposition 3.4. Q(b) = Q’(b). 


Proof. See the 


3.2. Robinson-Schensted correspondence 














Let ST(A) be the set of standard tableaux of shape A. The Robinson-Schensted correspondence (given below) 
is the explicit decomposition of B(1)* whose existence was given by Corollary B54. The Q tableau is the 
one in the previous section, and the P tableau is the one computed explicitly by column insertion. 


Theorem 3.5. The map 
B(1)k = @ BA) x ST) 
|A|=k (3.1) 
br (P(b), Q(0)) 


is a crystal graph isomorphism, where for alli € I andb € B(1)*, 
P(Fi(0)) = FCP) Q(filb)) = Q(0) 
P(ei(b)) = ei(P(0)) Q(ei(b)) = Q(0) (3.2) 
P(si(b)) = si(P(0)) Q(si(b)) = Q(0). 


22 














Proof. See the 


3.3. Robinson-Schensted-Knuth correspondence 


The bijection of Theorem can be generalized from B(1)* to B®. For b = by @--- @bi € B®, define 
P(b) = P(by--- by) to be the P tableau of the word bj; ---b2b, given by concatenating the weakly increasing 
words b;. Define Q(b) to be the tableau of the same shape as P(b), such that the restriction of Q(b) to the 
alphabet [j] is equal to the shape of P(b;---b,) for all 1 < 7 < k. That is, put letters j in the cells that 
are in the shape of P(b;---6;) that are not in the shape of P(b;_1---6,). It follows from Proposition b.7 
that Q(b) is a semistandard tableau of weight @ and the same shape as P(b). Let T(A; 3) denote the set of 
semistandard tableaux of shape A and weight (. 

The following isomorphism is called the (column insertion) Robinson-Schensted-Knuth correspondence. 


Theorem 3.6. There is a crystal graph isomorphism 


B° = @ BO) x T(); 8) 
Xr 


br (P(b), Q(0)) 
where runs over the partitions of |B| having at most n parts. It satisfies 6.2). 


Proof. See the 


Example 3.7. Let n = 4, 6 = (3,3,2) and b = 24 @ 134 @ 123. We have 


(3.3) 














































































































































































































THB AE 
P(123) =/1]2]3 P(134123) = 314 P(24134123) = [2]3/4 
and the sequence of shapes of these tableaux is 
OC Cc cS 
So 
12/3 1{1/2/3] [1)1]1/2 
b= 1/3|4 r 1/2/3/4) , (2/2/38 = (P(b), Q(b)) 
2/4 4 3 
































3.4 Skew RSK 


We find it convenient to define a skew version of RSK. One may do the same thing as in usual RSK but just 
insert into an existing tableau. 

For b@T € B? ® B(p) and b= by @--- @bi € BY, let X be the shape of P(bT) = P(by,---b1T). Starting 
with the pair (T, @,,) where @,, is the empty skew fablenn of shape p/p, for ba = 1,2,... let us column insert 
b;, which adds cells in a horizontal strip from left to right by Proposition |2.84. Let us adjoin letters j to 
the right hand tableau in this newly created horizontal strip. Denote the seault by (P(6T), Q(b@ T)). If A 
is the shape of P(bT’) we have seen that Q(b ® T) € T(A/p, 8). 


Theorem 3.8. There is a crystal graph isomorphism 


B? @ Bin =O ) x T(A/ ps5 B) 
(3.4) 
beTrH P (6T), Q(b® T)) 
such that Q(F(b@T)) = Q(b@T) where F is one of e:, fi, 5; fori € I. 


Proposition 3.9. In the bijection (B-4), with b = by @---@by, ov(b,-41, b,) is the number of r-matched pairs 
in Q(b@T). 


Proof. See the 
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3.5 Reverse complement and recording tableaux 


Theorem 3.10. Let 3 = (G1,...,8,) and rev(3) = (Bx,.-., 1). Recall the map # : B® — Brev(®) from 
Remark [2.34 (iv). Then for allb € B®, 


PG? = PO) 
Q(b*) = Q(b)** 
where ev, uses complementation with respect to the alphabet [k] = {1,2,...,k}. 


Proof. See the 


Example 3.11. With b and @ as in the previous example, we have k = 3 and b¥ = 234@124@13 = c3@c2@cy. 
We have 


(3.5) 






















































































m3 T]1/3/4 
P(q) = 113 P(c2c1) = a4 P(cgc2c1) = 2/2/4 = P(b") 
3 
so that 
12/3 
Q*) =[22 3] 




















— TWIN] 


We compute Q(b)°” with respect to k = 3, taking Q(b) from the previous example. 









































ime MEN Be T} fii2B 
Q(b) = (2/213 Q(b)* = [Tp2/2/=[2/2131 = Q(o)*”. 
3 2/3[3[3| [3 
































This agrees with Q(b*). 


4 Affine crystal graphs 


In this section we discuss the additional rich structure of affine crystal graphs (of type AY 1) that exists on 
certain of the crystal graphs we have examined in the previous section. 


4.1 Basic features 


Affine crystal graphs are crystal graphs in the sense of section However affine crystal graphs also have 
extra directed edges labeled with the new color 0. So let J = IU {0} be the set of colors of directed edges 
for affine crystal graphs. We can view T as the set Z/nZ. Due to the circular symmetry of the affine Dynkin 
diagram AY) | (which looks like a cycle with vertices labeled by Z/nZ) every construction will have rotational 
symmetry. 

There is a zero-th simple root, which for our purposes will be given as ag = (—1,0"~?,1) € Z”. Note 
that >0, ep oi = 0 in Z”. We also write ho = ao for the zero-th simple coroot. Every afin eeyetal B has the 
0-string property (see section B.1.1) so that yo(b), €o(b), fo(b), and e9(b) are defined for b € B. In addition 
equations (B.1) through 4) hold for b€ B andi =0. The analogue of (2-5) for i = 0 is 


(ho, wt(b)) = Bn — 8, — for wt(b) = (1,...,Bn) © Z”. (4.1) 


We should vaguely think that fo will change a letter n into a letter 1 and eg will do the opposite, although 
it turns out that often other letters must move. 


4.2 Examples 
4.2.1 Single box Bt! 


The affine crystal graph B+ is the single box crystal graph B(1) (see section 2.2.2) together with a 0 arrow 
going from |n] to [1]. 
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4.2.2 Single row Bl’ 


For any positive integer s the affine crystal graph B!* is the crystal graph B(s) given by weakly increasing 
words of length s, plus some extra 0 arrows. To apply fy to b € B!’, remove a letter n from the end of b 
and put a letter 1 at the beginning; if there is no n in b then f(b) = 0. Similarly eo(b) is obtained from b by 
removing a letter 1 from the beginning and adding a letter n to the end; if there is no 1 in b then e9(b) = 0. 
So Yo(b) is the number of letters n in b and €9(b) is the number of letters 1 in b. In the crystal graph Bl all 
the elements have different weights, so that the entire affine crystal graph structure is determined by (2.1). 


Example 4.1. For n = 3 the affine crystal graph B!? is pictured below. 

















oO 
i) 













































































4.2.3. Rectangle B”* 

For r € I and s > 1 the affine crystal graph B™* is the ordinary crystal graph B(s”) for the r x s rectangular 
partition (s"), with additional zero arrows. An explicit rule for the 0-arrows on B”™* is given in i}. The 
affine crystal graphs B™* are called Kirillov-Reshetikhin (KR) crystals. 

4.3 Tensor products 


The tensor product construction for crystals in section also works for affine crystals: the usual rule 
applies for 7 = 0. 


Example 4.2. B!!@ B"! is given in Figure 2. Note that B!? does not embed into B!! @ B! as an affine 
crystal graph. However if we forget the zero arrows then the resulting crystal graph B(2) embeds naturally 
into B(1) ® B(1). 

4.4 Connectedness 


Tensor products of connected crystal graphs are usually disconnected. Affine crystal graphs behave in the 
opposite fashion. The following result was proved using representation theory fi}. 


Theorem 4.3. Any tensor product of KR crystals is connected. 
Example 4.4. See Figure for the connected affine crystal graph B!! @ Bt. 


Conjecture 4.5. (Kashiwara) Every connected affine crystal graph is isomorphic to a tensor product of KR 
crystals. 


If this conjecture holds, then the world of connected affine crystal graphs consists of tensor products of 
rectangles. 


Assumption 4.6. For simplicity we shall only consider the set C of tensor products of single row KR crystals 
B® := B'S, but BO Bil mentioned here can be extended to tensor products of arbitrary rectangular KR 
20) 


crystals B™*; see bq. 
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Figure 2: The affine crystal graph B!! @ Bt for n = 3 


4.5 Classical structure 


Given an affine crystal graph B, we can forget about its 0-arrows; the resulting crystal graph is called the 
classical crystal graph structure on B. We can then refer to classical components and classical highest weight 
vectors of B. 


4.6 The leading vector 


Given B € C, define the leading vector (or dominant extremal vector) u(B) € B to be the tensor product 
whose factors are all Yamanouchi tableaux. The leading vector u(B) has partition weight. There is no other 
element of B with the same weight as u(B). It is also true that u(B) is an extremal weight vector in B: 
any other element in B is in the convex hull of the S,,-orbit of the weight of u(B). For B, B’ € C we have 
u(B ® B’) = u(B) @ u(B’). 


4.7 Uniqueness of isomorphisms 
Proposition 4.7. Let B, B’ €C. If there is an affine crystal graph isomorphism B & B' then it is unique. 


Proof. Since any isomorphism preserves weights, any isomorphism B & B’ must send u(B) to u(B’). By 
Theorem 4.3} B €C is connected. By Lemma B — B’ is uniquely specified. 














4.8 R-matrix 
Here is another feature peculiar to affine crystal graphs. 


Theorem 4.8. Given any B, B’ €C, there is a unique isomorphism of affine crystal graphs Rp,p : B@B' > 
B' ®B called the combinatorial R-matrix. They satisfy the identities 


Rp,p =1BeB for all BEC (4.2) 
Repo Rep = 1BeB for all B, B' €C. (4.3) 
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and the Yang-Bazter equation, which is the commutation of the diagram 


B@B'@B" 
a ae Se 
B’@Be@B" B@B"@B 
bot | [Poorer 
B'@B’ eB B’ @BeB 
ri or 
B" @B'@B (4.4) 


Proof. The proof of existence uses representation theory (the crystal limit of the universal R-matrix) (A. 
Proposition [1.7] implies uniqueness and (4-2), (3), and (4). 


The physics interpretation is that 6 and b’ are two particles which collide and scatter according to R with 
output particles c’ and c. Time evolves from the top of the picture to the bottom. 














We shall use pictures to represent identities involving R-matrices. Each strand represents a particle or tensor 
factor. Each crossing represents the action of an R-matrix. A diagram represents an isomorphism from a 
tensor product to another using R-matrices. Equations (E-2) and (44.3) can be respectively pictured by 


B B B B 


OCI | : 


The Yang-Baxter equation (4.4) asserts that 


Proposition 4.9. Suppose B = B” and B' = B® are single rows. Then the R-matriz Rpr.ps can be 
computed by the composition of the (classical) crystal graph isomorphisms given by Proposition |2. 70: 


Br)@Bs)= QB BAN= @ BAS Bs)@ Blr). (4.6) 


AE(r)@(s) AE(s)@(r) 





Proof. See the 


Example 4.10. The bijection in Proposition is computed using column insertion. Let n = 4, r = 3, 
s = 5. We take a typical element of 6 @ b’ € B” ® B®, column insert to obtain a tableau pair (P,Q) where 
Q is semistandard of shape X, say, and weight (s,r). Let Q’ be the unique semistandard tableau of shape 
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and weight (r,s). Let c’ @c € B® @ B” be such that their tableau pair is (P,Q’). Then R(b® bd’) =c' @c. 














































































































1) 2/3/3/4 mS (Gye ptt | 
1/2/4 2/4 > 12/2 
R [1x@-0" 
1/3|4) , jap pete 
T]2/2|3/4 aera i716! fale 















































One may also compute this R-matrix using a jeu de taquin on a two-row skew shape that slides the correct 
number of entries from one row to the other: 










































































1/2|3/3|4 1/2|3|3/4 */1/3/3]4 
1/2|4 1[2\4] 1/2|2/4 
1|3/3|4 *{1/3/4 1/3|4 
1/2|2/4|* 1/2|2/3\4 1/2|2[3|4 






























































Or, move elements of the lower row as far as possible to the right to make semistandard columns, and then 
move the first several upper letters that lie in singleton columns, to the lower row: 











1/2|3/3]4 1|2/3/3]4 Llele|3\4 1/3|4 
1/2)4 1[2\e/e|4 1/2|2/3|4 1/2|2/3|4 














































































































Proposition 4.11. If B and B’ each consist of several tensor factors, then Rp,p may be computed using 
any composition of “smaller” R-matrices that exchange the factors of B to the right past those of B’. 


Proof. Proposition h7 and Theorem 3. 














Example 4.12. If B = B, ® By and B’ = B) ® B} then the R-matrix Rg pg may be computed pictorially 
by 
B, Bo Bi Bi, 


B, BS By Bo 
The R-matrices Rg, | Bi and Rg,, Bi in the middle time step can be computed in either order since they don’t 
involve common tensor factors. 


Proposition 4.13. Let VU; : B; — Bi be isomorphisms of affine crystal graphs B;, Bi © C fori =1,2. Then 
(Wo & V1) fe) RB, Bo = Re Bs fe) (Wy & Wo). 


Proof. This is an immediate consequence of Proposition 1.7] and the existence of the R-matrix in Theorem 


| 














4.9 Local coenergy function 


Another amazing feature of affine crystal graphs is the coenergy function. Given any B, B’ € C, there is a 
function Hp.p : B® B’ — Z called the local coenergy function. This function measures the interaction 
between a pair of neighboring particles. 


Theorem 4.14. {y Let B,B’ € C. There is a unique function Hp.p : B® B' — Z called the local 
coenergy function, that satisfies the following properties. 


(i) Hp.p(u(B) ® u(B’)) =0. 
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(ti) Hp.p is constant on classical components. 


(iii) Letb6@b'€ BOB’ and Rep (b@v')=c Sc. Then 


if e9(b @ b’) = eg(b) @B' and 
1 / / 
el OO =eue) Oe 
H(eo(b@b')) = H(b@v’') + i if eg(b @ b') = b@ eg (b') and (4.7) 
exe 6) =e @ en(¢) 
0 otherwise. 
In particular 7 7 
Hp p = Hp,p 0 Rep. (4.8) 


Proof. The existence of H again follows from representation theory (a. The uniqueness of H follows imme- 
diately from the connectedness of B ® B’ € C given by Theorem 1.3} Equation (3) is a direct consequence 
of the definitions and (4.3). 














Equation K3 says that the local coenergy between a pair of neighboring particles doesn’t change across 
a collision. 
If B = B’ then by (4.2) we have the simpler rule 


1 if eo(b@v') =e9(b) @Y 


-1 ife9(b@v’) =b@e(0’). (4.9) 


H(eo(b@b')) = H(b@b’) + 
Proposition 4.15. Suppose B = B" and B’ = B® are single rows and b®b! € B" ® B’. Then H(b@b') = 
ov(b, b’), the overlap of b and 0’. 
Proof. See the 
Example 4.16. The coenergy of b @ b’ (as well as c’ ®c) in Example is 2, since 


1/2|3/3|4 
1|2/4 ‘ 












































Proposition 4.17. If B and B' consist of several tensor factors, then the value of Hp p(b@ b’) is given 
by the sum of the local coenergy functions evaluated at the neighboring tensor factors that must be exchanged 
in the computation of the R-matrix Rp pr. 


We shall state the result precisely for the tensor product of a single factor with a twofold tensor product. 
Consider Hp, \.B,@B, and bj € B; for 1 <i <3. Then Rg, B,ep, is given by applying Rp,,p, © 1 and then 
1® RBs, By and 


HB,,B,@B, (b3 @ (bz @ b1)) = HB,,B, (bz ® b2) + Hp,,B, (b3 @ 61) 


4.10 
where Rp,,p.(b3 ® bz) = bi, @ bs. ( ) 


We will picture such identities with diagrams in which certain crossings are circled. A diagram represents a 
sum of local coenergy function evaluations, one for each circled crossing, where the local coenergy function 
is evaluated at the two neighboring tensor factors that are entering the collision. Then (4.10) is depicted by 





b3 bz ® by b3 bo by 
— v5 bs by 
| (4.11) 
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Similarly, we have 


A (B3@B2) 2B: ((b3 & bz) ® b1) = H3,,B, (bz ® b1) a Heep (b3 ® bi) 


; ; (4.12) 
where ReBo,B, (be & bi) = by & bp. 
The associated picture is 


b3 @ bg bg bg a 


<< “ ” 


Proof of ee (4.14 . By induction and Proposition 4.11} the proof reduces to proving the special cases 
(H..10)) and (4.12). These cases can be verified directly by conden all the possible ways that e9 could act 
on three tensor factors and their images under the appropriate R-matrices 7 Prop. 2.11]. 

















The local coenergy function only depends on the factors up to isomorphism. 


Proposition 4.18. Let B,, Bo, B,,BS € C and suppose there are affine crystal graph isomorphisms WV; : 
B,; — Bi fori =1,2. Then 


Hp, B, = py py ° (Wo ® Wi). (4.14) 

In particular, if B, B’,B” €C then 
Hp pes — HBr Be! e) (1 &® Rpp) (4.15) 
Hp eB,B" — H pep'.B" e) (Rep &® 1) (4.16) 














Proof. This follows directly from Proposition and the definition of coenergy in Theorem 1.14, 


4.10 Intrinsic energy function 


The definitions in this subsection, taken from (7, were inspired by . Every affine crystal graph B € C has 
an intrinsic coenergy function Dg: B — Z. It is defined inductively as follows. The intrinsic coenergy 


of a KR crystal (of type AY) is zero: _ 
Das: (4.17) 


Second, suppose the intrinsic coenergy Dg, and Dg, have been defined for some B,, By € C. Then define 


Dp.eBy (be ® b1) _ Hee, (be ® b1) am Dp, (b1) + Dp, (05) 


4.18 
where Rep, B, (be ® b1) =), O05. ( ) 


Let us picture the evaluation of D using a diamond. Then the definition can be depicted by 


i ele.4 on 


Proposition 4.19. For B,, Bz €C, 
Dp.9B, = DB,@B2 © RBy,B1- (4.20) 


Proof. This follows immediately from (4.18), 3), and (4.9). 
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Proposition 4.20. D(B;@B2)@B, = Dp,0(B2®B;) as functions Bz ® Bz ® By — Z. 


Proof. See the 


This result implies that the intrinsic coenergy of B € C is well-defined, that is, it doesn’t depend on the 
grouping of a tensor product involving several factors, into two-fold factors. Iterating the above twofold tensor 
construction for D we have the following formula, which follows by directly by induction and Proposition 


using the grouping By, ® (By,_1 ®-:-® By). 


Proposition 4.21. Prop. 2.14] Consider the k-fold tensor product B = B,®---@ Bz ® By, with B; € C. 
Let b= by ®---@b, € B. Then 














k 
Da()= SY) Ha,a,(b)*) bi) + ¥) Da, (0}”), (4.21) 
1<i<j<k j=l 


where i = b; and for j > 1, the element ae € B; is the right hand factor in the result of applying to 
b; @b;-1®---@b; the composition of R-matrices that exchanges b; to the right past each of the tensor factors 


b;—-1 through };. 


If each B; is a KR crystal BY for 1 <i<k, then writing BY = BYe @---@ BM, we have 
Dpu(b) = S> Aepes pes (OST? @ bi). (4.22) 
1<i<j<k 


Example 4.22. For n = 4 let b € B? ® B? & B® be the element in Example B.74 





















































































































































1/2|3 
b = b3 @ bg @ by = 1/3/4 
2|4 
We have 
(by ® b,) = 2 = overlap i : ‘ ai 
H(b3 ® bg) = 2 = overlap sa, 
R(bs ® be) = pag 3 since fs t4) = ttl, 
H(b?) @ bi) = 1 = overlap 5 5 3 a 











so that D(b) =2+2+1=5. 


An important property of the intrinsic energy is that it is unchanged by permuting tensor factors by 
R-matrices. 


Proposition 4.23. Let B,B’ € C and let V: B — B' be an affine crystal graph isomorphism given by a 
composition of R-matrices. Then _ = 
Dp=Dp ow. (4.23) 











Proof. See the 
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4.11 One-dimensional sums and Kostka-Foulkes polynomials 
For @ € Ze. and a partition \, define the one-dimensional sum 
XrxalQ= So gP. (4.24) 
y€Y(B®,)) 
Define the cocharge Kostka-Foulkes polynomial K y.g(q) by 
KyxeQ)= S, g® (4.25) 
QET (A;8) 
where € is the cocharge (defined in section 5.4). The cocharge Kostka-Foulkes polynomial may be realized 
as a one-dimensional sum. 
Theorem 4.24. [14] For BE Eg and a partition X, X.3(¢) = K).a(q). 


Proof. By Proposition there is a bijection from the set of highest weight vectors y in B’ of weight A, 
and semistandard tableaux Q of shape » and weight 3. It is given by Q = Q(y), the semistandard RSK 
recording tableau for the list of words y. By the definitions and (1.25) it suffices to prove Proposition 


Proposition 4.25. For all b € B®, 














D(b) = e(Q(b)). (4.26) 


We shall discuss the proof of this result in the next section. 


5 Statistics on recording tableaux 


Our first goal is to transfer the coenergy statistic D on elements b € B®, to a statistic on the recording 
tableaux Q(b). The coenergy statistic is computed using the combinatorial R-matrices and the local coenergy 
function. We translate these in terms of the recording tableaux. Then we show that this “tableau energy” 
statistic coincides with cocharge. 


5.1 R-matrices and the recording tableau 


For any composition 3 € Li let B? = Be @--- @ B* be the tensor product of single row KR crystals. 
Since B* ~ B(s) as classical crystal graphs the notation for B’ is consistent with that in (2.36). Let 
8,3 = (..., 8:41, Gi,--..) be 6 with its i-th and (¢ + 1)-th parts exchanged. By definition, the combinatorial 
R-matrix that switches these two tensor factors gives an affine crystal graph isomorphism 


R,: B= BY, (5.1) 

Since this is also a classical crystal graph isomorphism and since the P-tableau doesn’t change when applying 
a morphism of crystal graphs between sets of words (Corollary b.54), we have 

P(R,(b)) = P(b) for allb € B®. (5.2) 


We want to see what R; does to the Q-tableau of RSK. Suppose b,b/ € B® are such that Q(b) = Q(d’). 
Then b and b’ are in the same component. Since R; is an isomorphism, R;(b) and R;(b’) are in the same 
component, that is, Q(Ri(b)) = Q(R;(b’)). Therefore there is a well-defined bijection 


O07: T(A, B) —_ T(A, 8;3) 
Q(b) > Q(Ri(0)). 


Since the R-matrices satisfy (f-9), (2) and (4) (and obviously commute if they act on disjoint pairs of 
tensor positions) it follows that the o; define an action of the symmetric group Sx on the set U,,<5, T (A; w?) 
for each A. 


(5.3) 
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Proposition 5.1. The bijections o; of (b.3) are given by the crystal reflection operators s;. 


Proof. See the 


Example 5.2. Let b and Q(b) be as in Example B.7 












































































































































1112 Tj1/i[2 
Q(b) =22B s2Q(b) =[2/3[3] 
(3) 3) 

With Ro(b) = 244 13 @ 123 from Example [1.29 we have 

NBA: T1213 

P(123) =[22[3] —-P(13.123) = jg P(244.13.123) = [2[3[4 
4 

so that 

T[1[ij2 

Q(Ra(b)) = 2 3/3] = s2Q(b). 




















5.2 Local coenergy on the recording tableau 
We express the local coenergy in terms of the recording tableau Q(b). 
Given b = by ®--- @b, € B®, by abuse of notation similar to that in (6.1), for 1 <i< k-—1 define 


A; (b) = H(b;41 @ b;). 
Proposition 5.3. For b € B°, H;(b) is the number of i-matched pairs in Q(b). 
Proof. Propositions and 3.9 

Let’s define H;(Q) to be the number of i-matched pairs in Q. 


Example 5.4. In Example we had an element b and computed H,(b) = 2, H2(b) = 2, H1(Ro(b)) = 1. 
For this b in Example we had 
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Q(b) = 5 Q(R2(b)) = s2Q(6) = 5 3 




















Counting matching pairs, H1(Q(b)) = 2, H2(Q(b)) = 2, and Hy(s2(Q(b))) = 1. 


5.3 Coenergy on recording tableaux and words 
We may now define the coenergy directly on a tableau: 
D(Q) = ‘ Fii(si8ig1 °° 8j3-1Q). (5.4) 
1<i<j<k 
By Propositions and 5.4 we have 
D(Q(b)) = D(b) for allb € BY. (5.5) 
Example 5.5. With Q = Q(b) and the H; computations from the previous example and the value of D(b) 


from (4.2), we have D(Q) = Hi(Q) + Ho(Q) + Ai(s2Q) = 2+2+1= D(d). 
Therefore to prove Proposition it suffices to show that 


D(Q) = c(Q). (5.6) 
Since the definition of D(Q) and that of cocharge (not yet given) apply equally well to words, we shall prove 
D(u) = c(u) (5.7) 


for any word u in the alphabet [k]. 
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5.4 Cocharge 


All of the results in this section are due to Lascoux and Schtitzenberger (Uj. 
The cocharge € is the statistic on words defined as follows. 


1. G(s;u) = C(u) for all 7. Using this we may reduce to defining ¢ for words of partition weight. 
2. ¢(S) =0. 


3. ] Suppose u has weight (1*). Define c, = 0 and ¢; = c_ if 7 is right of i—1 in u and ¢; = G_14+1 if 7 
is left of i— 1 in u. Define C(u) = 3, ci. 


4. Suppose u has partition weight. Underline the rightmost 1 in u. Given an underlined 7 — 1, underline 
the rightmost 7 to its left, if it exists; otherwise underline the rightmost 7 in u; if it exists, and otherwise 
stop. Let u; be the underlined subword of u. Erase the underlined subword from u and repeat the 
process, extracting a standard word wz. Continue until u has been exhausted. Define ¢(u) = 5°, E(u). 


Example 5.6. We compute the cocharge of a word u. The extracted permutations are indicated as u;. For 
each permutation u;, the quantities c; are indicated as subscripts. 


u = 2 1 3 5 1 4 1 2 4 3 2 8 
uw = 24 53 lo 45 31 
uw = lo 42 31 20 

uz = lo 31 20 


Ain) = 148404041 =, ole) = 0424140=3; By) = 04140 1 ea) = 749 41S 
Theorem 5.7. The cocharge is the unique function € on words such that 

(CO) C(s;u) = C(u) for all words u and all i. 

(C1) € is zero for any weakly increasing word. 

(C2) @ is constant on Knuth classes. 

(C3) If u has partition weight and u = xv with x £1 a letter then (av) = C(vx) + 1. 

Proof. This follows by Propositions and below. 

Proposition 5.8. The cocharge as defined above, satisfies the properties (CO) through (C3). 


Proof. See the 


For the following construction we shall identify a tableau (of partition shape) with its row-reading word. 
Let T be a tableau. Write T = T’T, where T; is the first row of T and T”’ is the rest of T. Define the 
katabolism of T by 




















K(T) = P(T,T’). (5.8) 


Lemma 5.9. For any tableau T, all of the numbers of value 1 through i+ 1 are in the first row in K*(T). 
Therefore K® (T) is a single row tableau for N large. 


Proof. Suppose it is true for i — 1. We may remove all letters that are greater than 7+ 1. By induction all 
letters of value at most 7 are in the first row. Therefore the tableau only has two rows and the second row 
has all values equal toi+1. It is then clear that taking K of this tableau results in a single-row tableau, 
and we are done. 














Lemma 5.10. For any tableau T and any i, s;K(T) = K(s,T). 


Proof. This holds since T;T’ is obtained from T by iterated cranking and since the s; commute with both 
cranking (by (B-7)) and taking the P-tableau (Theorem B.80[iii)). 
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Lemma 5.11. For any tableau T of shape 4, 
e(T) = e(K(T)) + JA] — Ad. (5.9) 














Proof. See the 


Proposition 5.12. There is at most one function satisfying (CO) through (C3). 


Proof. See the 


Example 5.13. Let’s compute ¢(u) using Proposition 5.12, In this computation we will identify a tableau 
with its row-reading word. We first take the P-tableau 










































































































































































T2213 
e(u)=2(P(u)) where — P(u) = 443/814 
5 
Now we apply iterated katabolisms. 
I 2PB 
2384 xy Cees! « Tees 
q 115 
, 5 
K 
K 












































so that ¢(u) = ¢(P(u)) =6+3+4+2=11. 


5.5 Equality of coenergy and cocharge on words 


We shall prove (5.7). It suffices to show that the statistic D on words defined by (5.4), satisfies the defining 
properties of € given in Theorem 5.7. 

D satisfies (CO) by 6.5) and Propositions and 5.1} For (C1), the set of weakly increasing words 
of a given length M forms the crystal graph B(M) of tableaux of the single-row shape (M), and as such 
is stabilized by the s; by Lemma p.9} For every i € I, H; is zero on B(M) since a single-row tableau 
cannot have any matched pairs. So D is zero on weakly increasing words. The statistic D satisfies (C2) 
by Proposition 2.76, since applying s; to Knuth equivalent words yields Knuth equivalent words and Knuth 
equivalence preserves the number of i-matched letters for any i. It remains to show that D satisfies (C3). 
The following proof is analogous to one sketched in Bi. 

Let first(u) denote the first letter of the word wu. Recall the definition of u~ from p.6). Define 


A,(u) = H;(u) — A;(u~) (5.10) 
Say that u has i-dominant weight if u has at least as many letters 7 as letters 7 + 1. 
Lemma 5.14. Suppose u has i-dominant weight. Then 
1 af first(u) =i+1 
A;(u) = 4-1 if first(u) = 7% and first(s;(u)) =7 (5.11) 


0 otherwise. 


Proof. We may assume that first(u) € {¢,7-+1} for otherwise the formula clearly gives 0 as desired. It is also 
clear that we may ignore all letters not in {i,i + 1}. So we may assume that 7 = 1 and u consists of letters 
in {1,2}. If first(w) = 2 then the 2 is matched since wt(u) is a partition. It is unmatched after cranking. 
In this case cranking destroys exactly one matching pair. Suppose first(u) = 1. This 1 is unmatched. It is 
matched in u™ if and only if u has an unmatched 2, if and only if first(sy(w)) = 1. The result follows. 
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Let u be a word in the alphabet [k]. We have 


D(u) — D(u%) = S- (He(seai ose 8;—-1U) = Ai (sist ore sj-1(u~))) 





1<i<j<k 
= DE Filsinn ++ 8j-14) ~ Hil(sie1 ++ 83-18)))) (5.12) 
1<i<j<k 
= S- Ai(si+ S38 $;—1U) 
1<i<j<k 
by the definition (6.4) of D(u), the commutation of the s; with cranking (2.7), and the definition (6.10) of 
A. Let 
AM(u) = » Ai (8:41 +++ 85-14). (5.13) 


1<i<j 
denote the sum over i in the right hand side of (5.12) with fixed j. 
Let wu be a word of partition content and first(u) = « > 1. Observe that for all i < j, the word 
$i418i42°**S;—-1U has i-dominant weight. It suffices to show that 


AD (u) = bp5. (5.14) 
For 1 <i <j, define F; = first(s;41---s;-1u). Rewriting the result of Lemma we have 


1 if F; =i+1 
Ai (Sint Cars 8;-1U) = —1 if F; = Fy_-4 =71 (5.15) 
0 otherwise. 


Suppose first that 7 < x. Then Fj_; = Fy-2 =--- = a2 > j >i for alll <i < j —1; in particular 
x €{i,i+ 1}. By A;j(sizi +++ $;-1u) = 0 for all i and AY (u) = 0 as desired. 

Next suppose j = x. The first letter x of u is (2 — 1)-matched since u has (x — 1)-dominant weight. 
Therefore F; = x for all 1 <i < j—1. By we have A\)(u) = 1 as desired; for Aj—1(u) = 1 and 
Ai(si41 ac + $j—1U) =0fori< j- 1. 

Finally let 7 > x. It is clear that F)-1 =-:- = F, =a. By Lemma Ai (si41 °°: $j-1u) = 0 for 
g+1il<i<g-1. 

Let u’ = S241°++8;—-1u; it has first(u’) = «. Consider F,_; = first(s,u’); it can either be x or x + 1. 
Suppose Fy =o t+1. Then Aj,(s.44°++s;-7u) = 0 and F,-4 Fy_2 vee Fy x +1, so that 
A; (si41 +++ $;-1U) = 0 for « < x as well. In this case we have A‘) (u) = 0. Otherwise F,_,; = x, whence 
Az (Se41°°+Sj;-1u) = —1 and Aj_1(sz--+s;-1u) = 1 by (6.15). When we apply sz—1 to s,u’ which has 
first(s,u’) = Fy_1 = x, since s,u’ has (a — 1)-dominant weight, this leftmost x is (2 — 1)-matched, and 
cannot change. So Fy-2 = Fy-3 = ++: = Fy =x. Therefore Aj(s;41-+--s;-1u) = 0 for i < — 2. We have 
A‘) (uw) = 0 again as desired. 

This completes the proof of (6.14) and the equality of D and @ on tableaux. 














6 Appendix: Proofs 


Proof of Proposition (2.44, By Remark B.4], to prove that Y(B(A)) is a singleton we may reduce to the case 
that » is a partition. It is easy to check directly that y) is a highest weight vector. Suppose T € B(A) with 
T # yy. Let r be the smallest row index such that the r-th row of T does not consist entirely of letters r. 
Let i+ 1 be the last letter of this row. Within T this letter 1+ 1 is i-unmatched. Hence T admits e; and is 
not a highest weight vector. 














Proof of Corollary (2.54. B decomposes into a direct sum of its components. By Proposition C has a 
unique highest weight vector y. Let wt(y) = A. Then there is a unique isomorphism Po : C © B(A). Putting 
these maps Po together over all components C’ we obtain the desired isomorphism. Equation holds 
since each Pg is a morphism. Equation is obvious. 
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Proof of Corollary [2.54. Let b € B and let C and C’ be the components of b and U(b). By the definition 
of a morphism, W restricts to a morphism VW : C — C’. By Proposition C and C” have unique highest 
weight vectors y and y’, of the same weight (say \) by Lemma P50) Let Po : C & B(A) and Pe : C’ = BA) 
be the isomorphisms of Theorem |2.48. Po: o Vo Ps ' is a morphism from B(A) to itself, which is the identity 
by the uniqueness in Theorem Therefore V is an isomorphism and Po = Po: o W, proving (i) and (ii). 
(iii) follows by (i) and Lemma P.43. 


Proof of Corollary (2.54. The first part of (i) holds by Lemma For the second part, suppose W is also 
an isomorphism. Then its inverse ® restricts to maps ®) : Y(B’,A) — Y(B, 4) for all \. But W and © are 
inverse, so it follows that WV) and ®) are inverse for all A, that is, UV) is a bijection for all X. 

For (ii) let Y, : Y(B,A) — Y(B’,A) be maps. Define UV : B — B’ as follows. Using the isomorphism 
b+ (P(b), ¥(b)) and ! +> (P(b’), Y(’/)) of Corollary for b € B define U(b) by P(U(b)) = P(b) and 
Y(W(b)) = W)(Y(6)) for all 6 that are in a component isomorphic to B(A). This is clearly a morphism with 
the desired properties. It is unique since its restriction to each component of B is uniquely specified. If in 
addition each W) is a bijection then let ®) be the inverse bijection: we obtain a crystal graph morphism ® 
extending the ®) and it is the inverse of UV because the same is true for the maps ®) and Wy. 
































Proof of Proposition (2.64, Suppose b is highest weight. Let b = uv be any factorization so that v is an 
arbitrary right factor of b. The word v is a highest weight vector and therefore has partition weight by 
Propositions and b.49} So b is Yamanouchi. 

The proof of the converse proceeds by induction on the length of b. The empty word b = @ is Yamanouchi 
and also highest weight. A nonempty Yamanouchi word can be written b = xc with x € B(1); cis Yamanouchi 
and by induction is highest weight. By Proposition and the fact that ¢;(a”) = 6;,,-1, we need only show 
that yz—1(c) > 0. Since the weights of b and c are partitions and b is obtained from c by adding one to 
the x-th coordinate, it follows that c has strictly more letters z — 1 than letters z. Then yz-1(c) > 0 by 


Proposition p.44. 


Proof of Proposition|2.74. By Remark we may assume A is a partition. Let y € Y(B(A)*) be an 
antitableau; it is Yamanouchi by Proposition We prove by induction that each column of y of height 
r must be equal to r---21. Suppose the rightmost 7 — 1 columns have the desired form. Consider the 
j-th column c; say it has height r and the column of y immediately to its right has height r’ > r. By 
semistandardness the elements of c are all < r’. If c has some letter 1+ 1 and no i, then the letter i + 1 is 
i-unmatched since all columns to the right have both 7 and i+1. Therefore y admits e;, a contradiction. It 
follows that c and therefore y have the desired form. Thus the columns of y are the columns of y) except 
they occur in reverse order from left to right. It follows that B(A)* has a unique highest weight vector y of 
weight \. Therefore B(\)# & B(A) by Proposition P49 


























Proof of Proposition (2.74. We may assume that b = ucu and b! = uJ(c)v for u and v words of lengths k 
and I, say, and c € B(2,1)*. The map B(1)* @ B(2,1)* @ B(1)' — B(1)* @ B(2,1) @ B(1)! given by 
u@cd@uv ru @J(c) @v’, is a morphism by Proposition p.23, and it sends words to Knuth-equivalent 
words. It restricts to a an isomorphism from the component of u®@c®v to that of u® J(c) @ v by Corollary 
Since the number of i-matched pairs in a word is constant on its 7-string and is equal to the number 
of letters i+ 1 in the word at the beginning of its i-string, properties (i) through (iv) hold. 














Proof of Lemma [2.74. The result holds if \ is the zero weight: in this case y = @ = y) are empty. Let y be 
Yamanouchi of a nonzero weight A and write xv = y for « € B(1). Then v is Yamanouchi, of weight 1, say, 
such that \ is obtained from ys by adding one cell in row z and column c = Az. By induction y = rv = ry,. 
The first c—1 columns of y,, all contain x and therefore Knuth-commute with « by Lemma Commuting 
x past these columns yields y,. That is, ry, = y as desired. 














Proof of Theorem [2.8d. Consider the crystal graph isomorphism P : C & B(A) of Theorem where C 
is the component of b and 4 is a partition. It must send the lone highest weight vector y of C to the lone 
highest weight vector y, of B(A). By Proposition P.6]] y is a Yamanouchi word, necessarily of weight A. By 
Lemma y = yy. Let F be a sequence of crystal graph operators such that F'(y,) = P(b); it exists by 
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Proposition 2.44, By Proposition F(y) = F(y,) = P(b). Now P(b) = F(y,) = F(P(y)) = P(F(y)). 
Since P is an isomorphism b = Fy). So b = P(b). 

Uniqueness in (i) follows from Theorem ml (ii) follows from immediately from (i). (iii) just says that 
P is a morphism of crystal graphs, which it is by its definition in Theorem 














Proof of Proposition (2.84. We first reduce to the case that u®T € B(r) ® B(p) is a highest weight vector. 
Let u’ @T” be the highest weight vector in the component of u®T. Write u’ = u/.--- ui, with letters ui € B(1). 
Since the map u @ T + uT is a crystal morphism, u’/T”’ is the highest weight vector in the component of 
uT. Any right factor uj---uT” is highest weight by Proposition Since uT and wu’T” are in the same 
component, by Proposition 2.24 so are u;---uiT' and u---u,T’. By Theorem B.8d(iii), P(uj-++uiT) and 
P(ui---uT’) are tableaux in the same component, and therefore have the same shape. We may therefore 
assume that u@T € Y(B(r) @ B(u), A). Let u =u, +++ uy and let w4) be the weight of u;---u1y,, which is 
the shape of the Yamanouchi tableau P(u;---u1y,). It is evident that the insertion of u; just adds a cell to 
the u;-th row for all 7. Since u is weakly increasing, the cells are being added in rows of smaller and smaller 
index. Therefore the cells, which lie in a horizontal strip, are being filled in from left to right. 














Proof of Proposition [2.84 For (i), for any word b we have b = P(b) by Theorem B.80, Applying # we have 
b# = P(b)* by Proposition Taking P, we have P(b*) = P(P(b)*) = P(b)*Y by Theorem 2.80(ii) and 


p.46), proving (i). For (ii), 
T°’ — P(P(T*)*) = P(T#*) = P(T) =T. 


The first equality holds by (2.44). The second equality holds by the proof of part (i) with b= T#. The third 
equality holds since # is obviously an involution. The last equality holds by Theorem B.80( i). For (iii), 


f(T") = A(T") = eni(T)* = en—a(T)™. 


The first equivalence holds by applying Proposition to (2.47). The equality holds by (P.21). The 
last equivalence holds by (2.47). The Knuth-equivalent tableaux f;(T°Y) and e,_;(T)°’ must coincide by 


Theorem 2.80((i). The statements for e; and s; have similar proofs. 














Proof of Proposition (3.4. If 6 = @ is empty then by definition both Q(b) and Q’(b) are empty. Suppose 
b = «xc is not empty with x € B(1). By induction Q(c) = Q’(c). Both Q(b) and Q’(b) share the same shape 
as P(b). It suffices to show that Q’(c) is obtained from Q’(b) by removing the largest entry. Equivalently 
we must show that if y is the Yamanouchi word in the component of b, and y = ay’ with xz’ € B(1) then 
y’ (automatically being Yamanouchi) is the component of c. Since b = xc and y = a’y’ with b and y in the 
same component, by Proposition c and y’ are in the same component as desired. 














Proof of Theorem \3.4. The isomorphism (B-1) follows just by iterating the isomorphism of Proposition 
k times for r = 1. That is the Schensted approach. The Robinson approach is to use Corollary and 
then use the bijection between Yamanouchi words and standard tableaux. 

The commutation of f;,e;,s; and P is already given in Theorem P.80(iii). fi(b), e:(b), and s;(b) are all 
in the same component as b and therefore have the same associated Yamanouchi word y. So the Robinson 
recording tableau Q’ is the same for all these words, and by Proposition B4 so is the Schensted recording 
tableau Q. 














Proof of Theorem (3.4. The isomorphism (5.1}) follows just by iterating the isomorphism of Proposition 2.70, 
Or cooler be and then use Proposition 2.74. The other properties hold for the same reasons as they do 
B.5 











in Theorem 





Proof of Proposition (3.9. We first reduce to the case that b ® T is highest weight. The condition (i) 
ov(b,+41,b,) > m, is equivalent to saying that b,11b, is the row-reading word of a semistandard tableau 
of the two-row skew shape D,, that has rows of sizes @, and 6,41 with exactly m columns of height two. 
Since B(D,,) is a crystal graph, it follows that condition (i) is preserved on the component of b,41b,. Con- 
dition (i) still preserved on the component of b @ T, by Proposition 2.24) This argument shows that the 
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condition of (i) not holding for m+ 1, is also preserved on the component of b ® T. Therefore ov(b,+1, b;) 
is invariant on the component of b ® T. However Q(b @ T) is also invariant on the component of b ® T by 
Theorem B.8, Therefore we may assume that b®T' is highest weight, so that T’ = y, as usual. We are done 


by Beropeation b.74 2.73 and Lemma 


Proof of Theorem |3.10. The statement for P-tableaux is in Proposition 2.87(i). One may prove the state- 
ment about Q-tableaux by applying the symmetry of the RSK map that exchanges the P- and Q-tableaux 
and then using the statement for P-tableaux. 


Proof of Proposition 4.9. The sets of partitions (s) ® (r) and (r) ® (s) of Proposition coincide since 
both consist of the partitions A = (Ai, A2) where \y + Ax =r +s and 0 < Az < min(r,s). Since the middle 
terms of (4.6)) are multiplicity-free as classical crystal graphs, it follows that there is a unique isomorphism 
B(r) ® B(s) = B(s) @ B(r) of classical crystal graphs. As a classical crystal graph, B” @ B® is isomorphic to 
B(r) ® B(s), and an isomorphism of affine crystal graphs is also an isomorphism of classical crystal graphs. 
It follows that the map (4-4) must be the R-matrix. 






































Proof of Proposition (4.14. By Theorem the value of H(b@ b’) depends only on the classical component 
of bb’, which is computed by the classical crystal graph isomorphism (4.6). These classical components are 
indexed by the partitions \ € (r) @(s). We first prove that H(b, b’) = 2 by induction on m = Ag < min(r, s) 
where \ is the shape of P(bb’). For m = 0, we have u(B") @ u(B*) = yr) ® Ws) > YWs+r) in B(s +1), so 
H must be zero on the component A = (s +r) as desired. Suppose the result holds for 0 < m < min(r, s). 
We show it holds for m+ 1. Let b@b/ = 17~™2™ @ 1° € B” @ B®. This element is highest weight of weight 
A= (r+s—m,m). We have R(b® 0d’) = c @c = 18-™2™ @ 1". We consider the 0-string of b @ b’ and 
c’ @c. Since m <r and m < s it follows that e9(b ® b’) = eg(b) @ W' and ep(c’ ®@ c) = en(c’) @c. Therefore 
H(eo(b) @ b') = H(ep(b@U’)) = H(b@W’)+1=m+1. Now eo(b) @b! = 1°-™—12™n @ 1° is in the same 
classical component as 1°~”~!2™+*1@15, which is highest weight of weight (r+s—(m+1),m+1). Therefore 
H(b, b’) = Xz by induction. The equality with overhang follows from Proposition B.9} since, for a tableau of 
two-row partition shape = (Aj, Az) in the alphabet {1,2}, it is clear that » is the number of 1-matched 
pairs. 


Proof of Proposition|4.20. Dp, @( B2@B,) can be computed pictorially by: 


Mil EX, 
MTR TILT A Se 


using (4.11) and 4.19). D(23@B2)@B, i8 computed pictorially below. 


SK: 





















































The first equality holds by (4.13) and (4.19). The only significant change in the second equality is in the 
last diagram, which uses (4.5). The third equality is trivial. 
Comparing the final lines of the two computations, we need only show that 


But this follows from (4.15). 


Proof of Proposition a that a triple (B, B’, V) is good if B, B’ € C, WV: B= B’ is an affine crystal 
graph isomorphism and (1.23) holds. We observe that good triples are closed under tensor product, that is, 
if (B,, BY, V1) and (Bo, BS, V2) are good, then so is (By ® Bi, Bh ® Bi, V2 ® V,); this follows immediately 
from the definition (4.18) and Proposition 

Without loss of generality we may assume that B and B’ differ by exchanging two adjacent tensor factors 
by an R-matrix. Since (B”, B”,1) is a good triple for all B” € C, we may reduce to the case that B = B.@B}, 
B' = B, ® Bo, and V = Rg, ,p,. But that is Proposition [4.19. 


Proof of Proposition [5. 7}. Since neither the map Q = Q(b) & Q(R,(b)) nor the map Q + s;Q touches letters 
greater than 7+ 1, we may assume that R; exchanges the leftmost two tensor factors and i = k — 1. Since 
evacuation is an involution (Proposition B.87) it suffices to show that 


(siQ(b))™* = Q(Ri(B))™. (6.1) 


























We have 


P((siQ(b))*) = P(si1Q(b)*) 
= 8, P(Q(b)*) = s1Q(b)* = s1Q(b*). 
This follows by (2.40), Proposition B.8 (iii), Theorem B.8d(iii), and Theorem 


On the other hand, with respect to the alphabet [A], 


Q(Ri(b))*” = Q(R,(b)*) = Q(Ri(b*)) (6.3) 


by Theorem and Proposition (below). 
Comparing (6.1), &9), and , we have reduced to the case i = 1 and k = 2. But in that case 


both s1(Q(b)) and Q(Ri(b)) are semistandard tableax of the same partition shape (namely that of P(b) = 
P(R1(6))), and the same weight ((2, 31). But there is only one such semistandard tableau, so the two must 
agree. 


(siQ(b))™ (6.2) 














Proposition 6.1. Let G € Les 1<i<k-—1, andbe B®. Let R; denote the R-matrix that exchanges the 
i-th and (i +1)-th tensor factors, indexed from the right. Then 


R;(b)* = Ry_i(b*). (6.4) 


Proof. Directly from the definitions we may reduce to the case of two tensor factors 3 = (r,s), in which case 
we must show that the diagram commutes. 


Be &® B” _# B" ® B® 


Roepe | | Bor.2- 


B" ® B® a Be &® B” 


All of the maps are bijections. If we consider the composite map from B* @ B" to itself by going around 
the square, we obtain a crystal graph isomorphism by 21) and the fact that the R-matrix is a crystal 
graph isomorphism. Since B® ® B” is multiplicity-free as a classical crystal graph there is only one such 
isomorphism (Corollary p.56), namely, the identity. The commutation of the diagram follows. 
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Proof of Proposition (5.4. (CO) holds by definition. (C1) is also obvious since any extracted permutation u; 
will be the increasing permutation, which has zero cocharge. For (C2) one can show that if two words of 
partition content differ by a Knuth transposition, then all the extracted subwords are the same except that 
one has a transposition of two values that are adjacent in position but nonadjacent in value. Therefore the 
cocharges of the extracted subwords remain the same. For (C3) one observes that all extracted subwords are 
the same for xv as for vx except that a single extracted subword has been cranked with x being the cranked 
letter. It is easy to check that the cocharge drops by one for that standard subword. 














Proof of Lemma (5.14. Since the s; preserve the shape of a tableau, by Lemma }5.10| we may assume that the 
weight of T is a partition. Certainly all the letters 1 are in the first row of T, so in the computation of K(T) 
the cranked letters are never equal to 1. K(T) requires |\| — \1 cranks, the number of letters not in the first 
row of T. The result follows by properties (C3) and (C2). 














Proof of Proposition (5.14. Let u be a word. By (CO) we may assume u has partition content. By (C2) we 
may assume wu is a tableau. We compute the sequence of tableaux u, K(u),K?(u),.... By Sees this 
sequence is eventually constant, given by the single-row tableau of the same weight as u. By Lemma 
¢(u) is determined by adding up the number of cells in all of these tableaux that are not in the first row. 
Therefore we have evaluated ¢(u) using the rules (CO) through (C3) and are done. 
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